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Abstract

This paper studies a multi-objective Minimum Cost Flow (MCF) with possibilistic objective function coefficients.
A necessary and sufficient condition for investigating the a-possibly optimal solution is established. A fuzzy Goal
Programming (GP) approach is applied to obtain the a-parametric optimal compromise solution. The parametric
study under the concept of a-possibly optimal solution is analyzed without differentiability. Finally, a numerical
example is given for the paper to clarify the methodology.

Keywords: Minimum cost flow, Multi-objective optimization, Possibilistic variables, Fuzzy goal programming
approach, a-possibly optimal solution, Goal programming, Compromise solution, Parametric analysis.

1| Introduction

Minimum Cost Flow (MCF) problems serve as a pivotal concept within the broader scope of network flow
problems. The fundamental objective of an MCF problem is to optimize the transportation of commodities
across a capacitated network, ensuring the cost associated with this flow is minimized. This intricate task
involves orchestrating the movement of goods from suppliers at certain nodes to meet the demands at other
specified nodes. The applicability of MCF extends far beyond its immediate definition, influencing a myriad
of network-related challenges. Notably, MCF finds relevance in diverse problem domains such as maximum
flow, assignment, shortest path determination, transportation logistics, transshipment quandaries, multi-stage

production inventory planning, nurse scheduling, project assignment, mold allocation, college course
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assignment, and even the optimization of automobile routing [1-4]. A noteworthy contribution to the
understanding and resolution of MCF problems comes from the work of Hu et al. [5]. They introduced an
algorithm characterized by its adept handling of complementarity slackness at each iteration. Employing a
dual approach, the algorithm updates node potentials iteratively, pinpointing augmenting paths and enhancing
the efficiency of the solution-seeking process.

This intricate dance of nodes, capacities, and costs within the framework of MCF not only addresses the
immediate challenge of cost-effective commodity flow but also lays the groundwork for addressing a
spectrum of interconnected network problems. As we delve deeper into this work, we'll explore not only the
nuances of MCF but also its broader implications and the innovative approaches researchers are taking to
tackle its complexities. The journey begins with a thorough exploration of the background and significance
of MCF in the realm of optimization and decision-making.

The exploration of multi-objective MCE problems has been a subject of significant inquiry within the
academic landscape, as evidenced by the contributions of various scholars. Kumar and Kaur [6] and
Hamacher et al. [7] stand among those who have delved into this intricate realm, paving the way for a deeper

understanding of optimization challenges involving multiple objectives.

Bazaraa et al. [8] made strides in applying parametric analysis, particularly in the context of large-scale linear
programming. The study by Steuer [9] took a unique approach by decomposing the parametric space of
convex combination parametric programming, offering insights through thorough parametric analysis.
Luhandjula [10] contributed to the field by examining multi-objective linear problems with coefficients
represented by possibilistic data, adding a layer of complexity to the understanding of these optimization
challenges.

The Multi-Objective Transportation Problem (MOTP) has also garnered attention from researchers. Lee and
Moorte [11] and Hemaida and Kwak [12] applied Goal Programming (GP) techniques to navigate the
complexities of MOTP, secking satisfactory solutions. However, Tamiz et al. [13] and Romero [14] critically
discussed the limitations of GP, shedding light on areas where improvements and alternative approaches were
needed. In pursuing robust solutions, many researchers turned to fuzzy programming approaches for solving
MOTP. Bit et al. [15], Chanas and Kuchta [16], Chanas et al. [17], Ehrgott and Verma [18], Chalam [19] and
Lai and Hwang [20] are among those who embraced the versatility of fuzzy programming, contributing to a
growing body of knowledge in this domain. Adding a layer of novelty, Cui et al. [21] proposed a
groundbreaking general MCF model. This model was designed not only to optimize the distribution pattern
of evacuation flow and rescue flow on the same network but also to introduce the concept of conflict cost.
This innovative approach extends the traditional understanding of MCF problems, addressing real-world
scenarios with additional complexity.

This paper introduces the multi-objective MCF problem, incorporating variables with possibilistic
characteristics. The parametric investigation associated with the a-possibly optimal solution is outlined and
established without the requirement for differentiability.

The rest of the paper is outlined as follows.
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Fig. 1. Layout of remaining paper.

2| Background

This section introduces fundamental concepts and outcomes associated with possibilistic variables, including
their a-level set, possibilistic distribution, and the supporting elements.

Definition 1 ([22], [23]). A possibilistic variable, denoted as u on V, is a variable characterized by a possibility
distribution p,(v). This characterization implies that if u is a variable with values in V, then the associated
W, corresponding to u can be conceptualized as a fuzzy constraint. The distribution is represented by a
possibility distribution function p,:V — [0,1]. For each v € V, this function expresses the degree of
compatibility of u with the realization v € V. In the scenario where V is a Cartesian product of Vy, V,, ..., Vy,
the n-ary possibility distribution is formulated as p, (V) = (Hy, (V1)) My, (V2), wor) By, (Vi)).

Definition 2. The a-level set of possibilistic variable u is

Uy ={veVv:pu,(v) = al

Definition 3 ([22]). A possibility distribution p, on V is said to be convex if

we (Y + (1 = y)v?) = min(p, (v1), py (v3)); forall vi, v2 € V,y € [0, 1].
Definition 4 ([22]). The support of a possibilistic variable u is

Supp (u) = {V eV: sup pu(v) > 0;forall§ > 0}, where Ng(y) ={veVe:|v-yl| <&}
VENs5(Y)

3| Problem Statement and Solution Concepts

Consider the following multi-objective MCF problem with a possibilistic framework, Poss MOMCEF:

min F.(x,¢") = Z Cixij,r=12,..,K
(LDeM
Subject to
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Xij — Z X)j = b(l), foralli e V,
X€X =1 j(ipem k:(kpeM
xj; € Uyj; forall (i,j) € M,x;; > 0; forall (i,j) €M

Here,

M: the set of arcs (i, ).

V: the set of nodes.

xjj: the decision variable representing the flow through the arc (i, j).

U; = [lij, ui]-]: capacity of arc (i, ).

¢jj: the possibilistic penalty per unit of flow through the arc (i, ) in the & objective functionr = 1,2, ..., K.

b(i) denotes the net flow generated at node i, where positive, zero, or negative values classify node i as a
supply node, transshipment node, or demand node, respectively.

K
ij

possibility distributions e, It is assumed that all possibility distributions in the Poss MOMCEF problem are

It is important to note that the parameters €j; are vectors of possibilistic variables on R, characterized by

convex cones with compact suppotts, denoted as uy = supp(u).

Definition 5. x* € G is an & — possibly efficient solution for Poss MOMCE if there is no x € G such that

Fl(XIEI) < Fl(ﬁiel); FZ(X;EZ) < FZ()?:EZ)I
Poss | .., Froy (%, < F &Y, F(x¢") < FLRT), |>a §))
Fra1(x &) < Frpy R T, ., Fi(x, %) < Fi(8,X)
Based on the extension principle, we have
Fl(XJEI) < Fl()?,’él), FZ(XlEZ) < FZ(s\{!EZ):
Poss | ., Froqy (1) < Foo (&Y, Fr(x,E") < F.(]ED),
Fra1(x &) < Frpy R T, ., Fi(x, %) < Fi(8,X)

@)

= Sup min <

(ct, c?,.., K)eE

Mgt (Cl), Me2 (CZ), oy Mgr-1 (Cr_l), >
Her(c), persr(c™M), ..., ek (cX) )7

where
(Cll CZ; ey CK): Fl(XJél) < Fl(XJél)rFZ(XJEZ) < FZ()/ZPEZ)P
E= v, Fro (6,877 < Fro R €Y, Fo(x,8) < Fo(R D), , 3
Fraa(x, €1 < Frp R D), L0, Fi(x,TX) < F(%,85)

Herr = 1,2,...,Kare arcs K(i,j) possibly distributions.

4| Characterization of a-Possibly Efficient Solution for the Poss
MOMCEF Problem

For investigating the o —possibly efficient solutions for the Poss MOMCEF problem, let us consider the a —
parametric multi-objective MCF problem.
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(-PMOMCF)

min Fr(X;Cr) = Z Cir]_ Xjj, I = 12, .., K
(ij)eM
Subject to
. : (O]
Xij — z xj; = b(i); foralli €V,
X €X =4 j(iDeM k:(lcDeM ’
xjj € Uy; for all (i,j) € M, x;; = 0;forall (i,j) € M, cj; € (Eirj)a

where, (Efj)a is the a —cut of the possibilistic variable cj;. Based on the convexity assumption e, (ch), (j) is
— T 17 . — + PR .
arc, r = 1,K are real intervals denoted by [(Clr] )a, (Clr] a]. Let @g be the set of arcs (i,j) with cjj €

[(c{j')a, (cff)a ] ,r = 1,K. The « =PMOMCEF problem can be rewritten as

min F.(x,c") = z cir]- xij,r=1,2,..,K,

(i:j)EM (5)
Subject to
x €X,and c' € @f,r = 1,K.

Problem (5) can be rewritten as

min F.(x,c") = z (Cirj_(‘l.') + ‘[Cirj_(‘l.'))xi]- ,r=1,2,...,K
Subject to

x € X,and c" € @i, r = 1,K, T €[0,1].

Definition 6. x* € G is an o —parametric efficient solution for a-PMOMCEF problem if there is no x € G
and c" € @, such that F.(x,c") < F.(x*,c"); forallr = 1,K and F.(x,c") < F.(x* c") holds for at least one r.

Definition 7 ([24]). A feasible vector Y € X is said to be a —parametric compromise solution of
o —PMOMCEF if and only if Y* € H and F(Y) < Ayex F(Y), where A stands for the minimum, and H is the set
of o — parametric efficient solutions.

Definition 8 ([25]). When the a-parametric compromise solution aligns with the preferences of decision-

makers, it is termed an a-preferred parametric compromise solution.

Theorem 1. x* € G is an a —possibly efficient solution for the Poss MOMCEF problem if and only if
a —parametric efficient solution for a-PMOMCF problem.

Proof: see [22].

5| Fuzzy GP Approach for Solving Problem (5)

Based on the three concepts of fuzzy goals (G), fuzzy constraints (C), and fuzzy decision (D) introduced by
Bellman and Zadeh [26], the fuzzy decision is defined as

D=CnNG. 7)
Then,
hp () = min(pc(x), 1 (¥)). ®)

With the Membership Function (8), let us describe the fuzzy goals for the problem under study. The linear
Membership Function (MP) [27] is given by
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( 0, Fr(X,Cr) < Lr;
U, — F.(xc")
IJ_F( Fr(chr)) = %, L, < Fr(X,Cr) <U, )
r r
1, F.(x,c") = U,

where Ly, and U, ate the lower and upper bounds of F.(x,c"), L, # Uy, and can be calculated as
L. = min F.(x,c"), U, = max F.(x,c’), r=12,..,K (10)
X X
By applying the Fuzgy Decision (8) and Membership Function (9), o —PMOMCEF can be rewritten as
max min F.(x,cY))),
ik (P—r( r( )))
Subject to a1
X € X,and c' € @f,r = 1,K.
Problen (11) can be converted into well-defined linear programming using the auxiliary variable 9 as

max 9,
Subject to b
o< p.r( Fr(X,Cr)),r =1,K, (12)

x €X,andc' € @f, r=1,K

In order to formulate Problens (12) as a GP [28], we introduce the negative and positive deviational vatiables.

Fr(x,c") —vi + vy =G, r=1,K 13)
where G; is the aspiration level of the objective function r. Now, Problems (12) is reformulated as a mixed
integer GP problem as

max 9,

Subject to

9 < ur( Fr(x,cr)),r =1,K,

x €X,and c' € @f,r = 1,K,
F.(x,c") —vi + vy =G,
vi,vi>0r=1K,0<9<1.

(14)

6 | Solution Procedure

In this section, the solution procedure for addressing the Poss MOMCEF problem is outlined through the
following steps:

Step 1. Begin by considering the Poss MOMCEF problem.

Step 2. Solve each one of the objective functions and continue this process K times. If all the resulting
solutions are equal, select one of them and go to Step 5.

Step 3. Define each objective's MP and establish the aspiration level.
Step 4. Formulate Problens (13), then solve it using computer packages like GAMS.

Step5. Conclude the process and determine the stability set of the first kind S(x°, ¢”) as

W (Clrl - (Cir,-+ a) = 0; forall arc (i,j),r = 1,K,

@i ((cirj_)a - clr]) = 0; forall arc (j,j),r = 1, K.
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7 | Numerical Example

Consider the following problem:

min F; (x,cl) = Z Eilj Xij,
(i)eM

min F,(x,c?) = Z e xyj,
(i,))eM

Subject to

Xqp + X413 = 10,

X24 + Xz5 —X12 = 0,

X34 + X35 — X13 = 20,

X45 — Xp4 — X34 = —15,

—Xp5 — X35 — X45 = —15,

(15)

X12 € [0,20],X13 € [0, 10],X24 € [0,20],X25 € [0,10],
X34 € [0,30],X35 € [0,25],X45 € [0,50]

Fig. 2. A network with 5 nodes and 7 arcs [6].

The possibilistic variables Eilj, and éizj are represented by the possibility distributions Mg (.), and Mez () in Figs.

7 and 2. The supports of the possibilistic variables éili, and Eizj are [3,12], and [2, 10]. Hence, for the parametric

functions 0 < t < 1, the supports are

Supp (1) =3 +41, e, (3) = e, (7) =0,
Supp (€13) = 6 — 21,  He1,(4) = 1, (6) = 0,
Supp (€34) =5+41, i, (5) = 1y, (9) =0,
Supp (¢z5) =7+, Mer, (7) = ke, (8) = 0,
Supp (€34) =9 +21,  ng, (9) =g, (1) =0,
Supp (€35) = 10 +21, ey (10) = g (12) =0,
Supp (€35) =1+, M, (1) = per (2) = 0,
Supp (¢,) =13 -4t  Mez,(13) = pe2,(9) =0,
Supp (¢f3) =4 +41,  He2,(4) = 12, (8) = 0,
Supp (€3) =7 — 41, ez, (7) = 1z, 3) = 0,
Supp (6%5) =4+ 4T, ué§5(4) = IJE%S(S) =0,
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Supp (€3,) =7 -2t g, (5) = pgz, (7) =0,
Supp (Egs) =4+ 27, Ua§5(4) = Ua§5(6) =0,
Supp (Eis) =10 —4r, Me2, (6) = Haﬁs(lo) = 0.
Min F;(t) =(3 + 41)x1, + (6 — 2TD)X13 + (5 + 41)Xp4 + (7 + D)xy5 + (9 + 2T)X34
+(10 + 27)x35 + (1 + T)xys,
Min F, (1) =(13 —41)x, + (4 + 40)x13 + (7 —41D)Xp4 + (4 + 4T)xy5 + (7 — 2T)X34
+(4 + 21)x35 + (10 — 41)xys,
Subject to
Xqp + X413 = 10,
X24 +Xp5 —X12 =0, (16)
X34 T X35 — X33 = 20,
X45 — Xp4 — X34 = —15,
—Xz5 — X35 — X45 = —15,
X1 € [0,20],x43 € [0,10],x,4 € [0, 20],x,5 € [0,10],
X34 € [0,30], X35 € [0,25],%45 € [0,50], and T € [0,1].
L, = 265, U, = 375,L, = 250, U, = 425.
At t =0, the GP for the problem becomes
max 9
Subject to
3Xqp + 6Xq3 + 5Xy4 + 7Xy5 + 9Xg4 + 10X35 + X455 + 9110 < 375,
13%q5 + 4Xq3 + 7Xp4 + 4Xg5 + 7X34 + 4X35 + 10x,45 + 9175 < 425,
Xqp + X413 = 10,
X24 T X5 —=X12 = 0,
X34 + X35 — Xq3 = 20, a7)
X45 — X4 — X34 = —15,
—Xz5 — X35 — X45 = —15,

X12 € [0'20]'X13 € [OI 10]IX24 € [0;20];)(25 € [0!10]:
X34~ € [0'30]')(35 € [OIZS]IX45 € [OI 50];

3X12 + 6X13 + 5X24 + 7X25 + 9X34 + 10X35 + X45 — Vf + Vl_ = 265,

13X12 + 4X13 + 7X24 + 4X25 + 7X34 + 4X35 + 10X45 - V; + VZ_ = 250,
vi,vi,vi,v; = and 9 € [0,1].
Using the GINO software, the optimal compromise solution is
X12 = Xp4 = 8.56, X153 = 1.44,X,5 = X5 = 0, X3, = 6.44, X35 = 15,v] = 20.11,
vi =v; =0,vj =32,9 =0.82.

To determine the stability set S (Xu. X34, X13, X25, Xas5 » X34, X35, cill- ,cizl- ),

0353 = (1)) = 0,0k5(6 = (c})o) = 0,w34(5 — (c3)o) = 0,0 (7 — (ckE),) = 0,

0349 = (c3)o) = 0,035 (10— (c}?) ) = 0, whs (1= (c}F), ) = 0,03, (13 = (o) = 0,

00%3(4 - (C%;)o) =0, 03%4(7 - (C%I)o) =0, w%s (4 - (ng)o) =0, (*)%4(7 - (Cgi)o) =
0,035 (4= (c3),) = 0,0} (10— (), ) =0

Wiz, W3, W34 W35, W34, W35, Whs, VT2, OT3, W34, W35, W3, W35, Wi = 0.

We get; € {1,2}.

— 1 1 1 1 1 1 12 2 2 22 22
For I; = @, w1z, 013, W34, W35, W34, W35, Wys, WT7, W13, W3y, W35, W34, W35, W5 = 0. Then
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o o o o o o o 10 20
St (X12'X24:X13'X25: X45 X34, X35, Cjj » Gjj )

Cirj: (C%;)O = 31 (C::LL;)O = 6! (C%I)O = 5! ]
= ) (e38), 2 7,(c3)0 2 9, (c33),, = 10, (ci3), = 1, ()0 = 13,

2+ 2+ 2+ 2+ 2+ 2+
(ci3)o =4,(c33)0 =7, (Czs)o >4,(c34)0=7, (C35)0 =4, (C45)0 =10
For I, = {1}, w1, iz, w34, w%s'wézp 03§5vw}ts >0; 03%2'0)%3'0)%4160%5:03%4' 00%5'0025 = 0. Then

o o o o o o ° 10 20
St, (Xlz'X24:X13'X25: X451 X34, X35, Cjj , Cjj )
cij: (c13)o = 3, (ci3)o = 6,(c31)o = 5,
=) (e33), = 7.3 = 9,(c3?), = 10, (i), = 1, (cf)o = 13,

2+ 2+ 2+ 2+ 2+ 2+
(cf)o 24, (c51)0 2 7,(c5%), 24, (310 2 7,(c3E), 2 4,(ci2), 2 10
For I3 = {2}, w1,, 013, W34, W35, 034, 03%5:00};5 =0 (0%2:“)%3:00%4»“)%5»“)%4: 00%5:004215 > 0. Then

o o o o o o o 10 20
Si, (X12:Xz4,X13:X25; X45 X34, X35, Cjj , Cj )
cii (c13)0 = 3,(c13)0 2 6,(c33)0 = 5,
= J(c28), 2 7,(c3)0 2 9,(c38) , = 10, (cid), = 1,(ciF)o = 13,

(cfo =4,(c3)0 = 7,(c55), = 4. (3o = 7,(c55), = 4. (ci2),, = 10

)

— 1 1 1 1 1 1 1 v n2 2 2 2 2 2 2
For I, = {1,2}, w1z, w3, 034, 035, W34, 035, Wis > 0; 01, i3, w34, 035, 034, w35, 055 > 0. Then
S o o o o o o o 10 20 _
1, \X12,X24,X13, X25, X45,X34,X35,Cjj , Cjj ) =
r, (~1+ — 1+ — 1+ —
Cij: (c12)0 =3,(c13)0 = 6,(c23)0 =5,
1+) _ 1+ _ 1+) _ 1+) _ 2+)
(czd )0 =7,(c3$)o = 9, (c32 )0 =10, (c32 )0 =1,(c13)o = 13,
24y _ 2+Y 2+ _ 2+Y 2+) _— 2+) _
(ci3)o=4,(c33)0 =7, (Czs)o =4,(c33)0=7, (C35 )0 =4, (045 )0 =10
Hence
S o o o o o o o 10 20 _
X12,X24,X13,X25, X45,X34,X35,Cjj , Cjj | =

4 o o o o o o o 1o 2o
Up=151, (X12'X24JX13'X25: X45 ) X34, X35, Cjj , Cij )

8 | Discussion

This section compares the proposed approach with some existing literature to illustrate its advantages. Table
1 investigates this comparison in the case of some parameters.

Table 1. Comparisons of different researcher's contributions.

Authot's Name a —Efficient o —Parametric Fuzzy Stability Set of  Environment
Solution Compromise Solution  GP the First Kind

Ghatee and X X X x Fuzzy

Hashemi [29]

Bustos et al. [30] X X X x Stochastic

Alharbi et al. [31] J V V Fuzzy

\/
Proposed approach N v N N Possibilistic
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9| Conclusion

In this study, we introduced a multi-objective MCF problem featuring possibilistic variables. To address this

problem, a fuzzy GP approach was employed, offering the advantage of accommodating conflicting goals

and facilitating consideration of the decision environment. The GAMS software was utilized to obtain the

solution, providing a robust computational framework. The parametric study associated with the a-possibly

optimal solution was defined and determined without requiring differentiability. Looking ahead, future

endeavors may involve expanding this investigation to include other fuzzy-like structures, such as interval-

valued fuzzy sets, Neutrosophic sets, Pythagorean fuzzy sets, Spherical fuzzy sets, etc. This extension could

benefit from additional in-depth discussions and insightful comments, contributing to a more comprehensive

understanding of the problem landscape.
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