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Abstract

This paper introduces a fuzzy computational method for analyzing a finite buffer multiple server
MX/D/c/N queuing system with uncertain variables. Unlike common models that assume precise
knowledge of arrival, service, and batch size distributions, this model handles these variables as tri-
angular fuzzy numbers. This reflects parameter uncertainty caused by limited data and operational
changes. The fuzzy characteristic equation is created, and using the α-cut method, the problem
changes into a set of interval polynomial equations. We show that fuzzy stationary probabilities do
exist for the system. Using interval arithmetic and the Laplace transform with Padé approximation,
we find solutions for fuzzy mean queue length, arrival rate, and mean waiting time. We then use
a practical example based on public services to show how the method works. A sensitivity study
measures how uncertainty spreads into congestion levels. The results show that parameter uncer-
tainty grows when systems approach saturation, requiring strong capacity planning. This approach
maintains the analytical style of the root-based method while giving specific performance limits, mak-
ing it a mathematically sound and understandable extension of multi-server queuing theory under
uncertainty.
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1|Introduction
Queueing models are a cornerstone of operations research and applied probability theories to capture delay
dynamics in service systems. Classical models such as the MX/D/c/N queue consider the arrival rate,
service time and the batch size distribution as known precisely. These assumptions allow explicit derivations
of stationary distributions and performance measures by powerful analytic tools such as generating functions
and roots of characteristic equations.

Nonetheless, this assumption of parameter exactness is untenable in many real-life situations. Often arrival
rates are inferred from prior limited observations and can vary as a function of time of day, season, or other
environmental factors. Service duration is subject to case complexity and operator skill, which questions
deterministic specification, especially in public service systems, hospitals, and document processing plants.
Batch sizes may be influenced by social or organizational behavior and may not be characterized by stable
long run frequencies. In these contexts, the unpredictability stems both from the fundamental stochastic
nature of the processes and from the lack of definitive knowledge about the values of the parameters. This
uncertainty-type is epistemic instead of purely probabilistic.

Classical probability theory takes care of randomness, but it is not sufficient to describe lack of sharpness
or ambiguity in the knowledge of parameters. Point estimates and classical confidence intervals may not
adequately reflect the extent of information imprecision in cases where sample sizes are small or expert
judgment has been used to inform the estimation. Fuzzy set theory, initiated by Zadeh, has been successfully
used to model such imprecision by employing membership functions as opposed to crisp parameter values.
By modeling arrival rate, service time, and batch size as fuzzy numbers, one can propagate parameter
ambiguity through the analytical structure of the queueing model and obtain performance measures in the
form of uncertainty bands rather than single deterministic outputs.

Despite extensive research on fuzzy queueing systems, most existing studies focus on Markovian single-server
models or rely on approximate numerical methods. The rigorous integration of fuzzy parameterization with
root-based analytical methods for finite buffer multi-server queues remains limited. The MX/D/c/N model is
particularly suitable for such investigation because its classical analysis is heavily dependent on the structure
of the characteristic equation and its roots within the unit disk. Extending this analytical machinery into a
fuzzy framework requires careful treatment of interval polynomials, root preservation, and reconstruction of
fuzzy stationary probabilities.

Therefore, the primary motivation of this study is to develop a mathematically rigorous and computationally
tractable fuzzy extension of the MX/D/c/N queue that preserves the structural elegance of the classical
roots-based method while incorporating epistemic uncertainty in key parameters. Such an extension provides
not only expected performance measures but also explicit uncertainty bounds, thereby offering enhanced
decision support for capacity planning and congestion management in real-world service systems.

Recent research in fuzzy queueing theory has focused on extending classical queueing models to incorporate
uncertainty in key parameters such as arrival rates, service times, and network dynamics. A class of studies
employs the α-cut approach and Zadeh’s extension principle to transform fuzzy queues into families of
crisp queues, thereby facilitating analytical computation of membership functions for performance measures
under uncertainty. For example, Chen analyzed strategic customer behaviour in fuzzy Markovian queues
where system parameters are fuzzy numbers and derived membership functions for optimal strategies and
performance metrics using parametric nonlinear programming methods [7]. Similarly, Liu introduced an
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uncertain queueing model with group arrivals that accounts for the belief degree in customer behaviour and
evaluates performance under interval uncertainty models [12]. Bulk arrivals in queues with fuzzy service and
arrival rates have been studied through α-cut based MINLP formulations to obtain the performance measure
membership functions [15]. Multi-server fuzzy queueing system under reneging customers and finite capacity
has been analyzed, where recursive and analytical approaches to determine fuzzy queue length and waiting-
time as interval-valued measures are presented [17]. Further, a fuzzy mathematical modelling of a multi-server
queuing system with uncertainty in the number of servers, arrival rates and service rates for decision support
in dynamic environment is introduced [18]. Together they represent the types of pursuits that showcase the
diversity of modern fuzzy queueing research and indicate strong motivation to develop analytically sound
frameworks for such problems that maintain derived structural properties with uncertainty.

Recent analytical developments in finite buffer and multi-server queueing systems continue to rely on gen-
erating function methods and root localization techniques. The matrix-analytic framework introduced by
Neuts [16] provided a structured approach for analyzing multi-server and bulk arrival queues through char-
acteristic roots and structured Markov chains. Finite capacity multi-server systems have also been studied
using analytic continuation and probability generating function factorization, preserving root structures in-
side the unit disk to determine stationary probabilities. Medhi’s comprehensive treatment of stochastic
models [14] and Kleinrock’s foundational work on queueing systems [10] provide rigorous exposition of such
analytic methods for multi-server queues. Recently developed computational methods have focused on the
algorithmic determination of the steady-state probabilities through root-finding numerical procedures for
multi-server systems with finite capacity, which demonstrates that classical characteristic equation methods
still play an essential role in structured queues. However, these deterministic formulations assume precise
parameter knowledge and do not directly incorporate epistemic uncertainty. Consequently, while the ana-
lytical backbone of the MX/D/c/N model is well established, its integration with fuzzy parameterization
remains largely unexplored in rigorous roots-based form.

After deterministic queueing theory, the theoretical level for modeling epistemic errors for uncertain vari-
ables is achieved with fuzzy set theory and interval analysis. Zadeh’s seminal paper on fuzzy sets [21] based
imprecision on membership representation, which was formalized by α-cut representations and extension
principles leading to transfer of fuzzy functions into families of interval-valued problems. The theoretical
background of fuzzy numbers, their arithmetic as well as α-cut has been thoroughly and nicely presented in
[8] and [22] which This accounts for a very powerful methodology for performing uncertainty propagation
across nonlinear functions. In parallel, interval analysis and perturbation theory have established continuity
properties of polynomial roots under bounded coefficient variations, ensuring preservation of root counts
inside specified regions of the complex plane. Classical results on stability of polynomial roots under per-
turbations and analytic continuation arguments justify the extension of characteristic equation methods to
interval coefficient settings. These theoretical developments collectively support the transformation of the
fuzzy characteristic equation into α-level interval polynomials and provide the mathematical basis for root
preservation and reconstruction of fuzzy stationary probabilities in finite buffer multi-server queues.

Recent advances in interval analysis and perturbation theory provide essential theoretical support for ex-
tending characteristic equation methods to uncertain parameter settings. The stability of polynomial roots
under bounded coefficient perturbations has been extensively studied in numerical analysis and control the-
ory, with results demonstrating continuity of root locations under compact coefficient variations [20, 5]. Such
results are fundamental when characteristic equations contain interval-valued coefficients derived from α-cut
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decomposition. In parallel, interval polynomial analysis has been developed to determine root bounds and
localization in complex domains, ensuring preservation of root counts within prescribed regions [9]. These
theoretical insights justify the root-preservation arguments required for fuzzy MX/D/c/N systems.

Transformation-based approaches to waiting-time analysis also remain central in multi-server queueing the-
ory. The Laplace–Stieltjes transform has long been used to derive waiting-time distributions in deterministic-
service systems, and rational approximation techniques such as Padé approximants have been applied to
approximate transform inversions when closed-form expressions are intractable [2]. Recent computational
studies have emphasized transform-based numerical inversion methods for queueing models under struc-
tural complexity [1]. These transform-analytic techniques provide the methodological basis for extending
waiting-time analysis into the fuzzy domain by performing α-level rational approximation and reconstructing
interval-valued densities.

Recent studies also consider uncertainty modeling in conjunction with sustainable and stochastic decision
making procedures in inventory and queuing systems. Behera [3] The work illustrates how the graded
mean integration can convert fuzzy costing into practical decision steps in propagating epistemic uncertainty
in sustainable supply chain systems. In a similar vein, Behera and Mohanta [4] presented a stochastic
inventory model for crime resolution employing queueing theory and Markov decision processes with a twist
by considering backlog as inventory and dynamically optimizing resolution policies with uncertainty. Their
model combined Poisson arrivals, exponential service times, and monte carlo validation to model backlog
behavior. These two developments, taken together, indicate an increasing emphasis on stochastic, fuzzy and
dynamic optimization for complex service systems. However, neither study addressed the preservation of
characteristic root structure in finite-buffer batch-arrival queues under fuzzy parameterization. The present
work extends these methodological streams by incorporating α-cut interval decomposition into a roots-based
MX/D/c/N analytical framework, thereby bridging fuzzy inventory theory, stochastic service systems, and
classical generating-function queueing analysis.

From a purely theoretical perspective, fuzzy queueing models have now found applications in real service
systems and a robust decision support mechanism to these models under parameter ambiguity was provided.
In healthcare operations, fuzzy queueing models have been used to analyze patient wait times and capacity
management in systems with uncertain estimates of service times and arrival rates [19]. In telecommunication
and call center, a fuzzy two-server model has been introduced to obtain the staffing for a fuzzy arrival rate,
which gives a range-valued number of servers instead of a single point value output [11]. Similarly, fuzzy finite-
capacity queues have been applied to transportation and logistics systems to model demand uncertainties
and service interruptions, allowing performance assessment in terms of uncertainty bands [6].

Moreover, optimization of queueing systems under fuzzy parameterization has been investigated using α-cut
based nonlinear programming formulations and hybrid metaheuristic approaches, emphasizing the impor-
tance of computationally efficient uncertainty propagation mechanisms [13]. Collectively, these applied
studies demonstrate that epistemic uncertainty substantially affects congestion risk, service reliability, and
resource planning decisions. However, most existing applications rely on numerical approximation, recur-
sive schemes, or simulation-based fuzzy evaluation, and do not preserve the intrinsic analytical structure
of the underlying queueing model. In particular, the generating-function representation and characteristic-
equation root structure, which enable exact stationary analysis in classical finite-buffer systems, are typically
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not retained in fuzzy extensions. Consequently, there remains considerable value in developing fuzzy queue-
ing models that maintain structural analytic tractability while simultaneously delivering uncertainty-aware
performance bands suitable for rigorous decision support.

To clearly position the novelty of the present work, Table 1 provides a structured comparison between
representative existing approaches and the proposed fuzzy computational framework for the MX/D/c/N

queue under parameter uncertainty.

Table 1. Comparative analysis of existing literature and the proposed mode.l

Study / Model
Type

Uncertainty
Treatment

Analytical
Structure

Limitations / Gap
Addressed

Classical
MX/D/c/N models
(e.g., roots-based
methods)

Deterministic
parameters

Characteristic
equation and
generating function
methods

No treatment of
epistemic uncertainty;
assumes precise arrival
and service parameters

Fuzzy M/M/1 and
basic fuzzy queues

Triangular or L–R
fuzzy numbers; α-cut
decomposition

Recursive probability
equations; numerical
membership
reconstruction

Mostly single-server; no
preservation of
characteristic root
structure

Fuzzy inventory
models with
sustainability (e.g.,
Behera 2025)

Triangular fuzzy
demand, holding cost,
emission rates

Defuzzified cost
optimization via
graded mean method

Inventory context only;
no queueing
characteristic equation
or waiting-time
distribution analysis

Stochastic inventory
/ backlog models
(e.g., Behera &
Mohanta 2025)

Probabilistic
uncertainty (Poisson
arrivals, exponential
service)

Markov Decision
Process; Monte Carlo
validation

No fuzzy epistemic
modeling; no
finite-buffer
batch-arrival root
analysis

Interval polynomial
and perturbation
theory

Bounded coefficient
perturbation

Root stability and
localization theory

Not applied to
finite-buffer
batch-arrival queueing
systems

Proposed Fuzzy
MX/D/c/N

Framework

Triangular fuzzy
arrival rate, service
time, batch size

α-cut interval
characteristic
equation; root
preservation; fuzzy
generating function;
fuzzy Laplace–Padé
waiting-time analysis

Integrates fuzzy
uncertainty with
roots-based finite-buffer
batch-arrival queue;
preserves structural
analytic properties while
producing uncertainty
bands for all
performance measures
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Despite substantial advances in both root-based analytic queueing theory and fuzzy queueing models, a
significant methodological gap persists in unifying these two streams within a single rigorous framework.
Classical characteristic-equation methods for finite-buffer batch-arrival systems possess a well-established
structural elegance, enabling explicit derivation of stationary distributions and waiting-time characteristics
through root localization inside the unit disk. These analytic ideas pair naturally with transform-based
approximation and inversion tools such as Padé approximation and numerical Laplace inversion [2, 1]. How-
ever, such formulations assume exact knowledge of system parameters and do not account for epistemic
uncertainty.

Conversely, the fuzzy queueing literature has developed numerous α-cut, interval, and optimization-based
approaches for propagating parameter uncertainty into performance measures. The works by Chen [7], Panta
et al. [17], Mueen [15], Liu et al. [12], and Rekha [18] are representative examples showing how interval
decomposition and numerical reconstruction of membership functions can be used to handle triangular and
L-R fuzzy numbers in queueing systems. However, these works are focused mostly on single-server systems
or rely on recursive and heuristic methods that destroy the special root structure at the core of closed-form
stationary analysis.

Parallel developments in interval analysis and perturbation theory, notably those associated with Kharitonov
[9] and Rump [20], establish continuity and stability of polynomial roots under bounded coefficient variations.
While these results provide the theoretical basis for root preservation under uncertainty, they have not been
systematically integrated into the characteristic-equation methodology of finite-buffer batch-arrival queues.

Accordingly, there exists both theoretical and practical motivation to extend roots-based queueing analysis
into a fuzzy environment by transforming the characteristic equation into α-level interval polynomials, estab-
lishing root-count preservation under a suitable fuzzy stability condition, computing interval enclosures of the
characteristic roots across α levels, and reconstructing valid fuzzy stationary probabilities and performance
bands. The present study addresses this gap by building directly upon the analytic structure of the crisp
MX/D/c/N framework and integrating interval root-stability theory with α-cut arithmetic. The result-
ing formulation preserves structural tractability while providing uncertainty-aware performance measures,
thereby yielding a mathematically rigorous and computationally implementable extension of finite-buffer
bulk-arrival queueing theory.

2|Preliminaries on Fuzzy Numbers
Queueing systems are not always uncertain because of randomness. Often, we lack exact probability data
about things like arrival rates or service times because of missing info, expert guesses, or unclear conditions.
In these cases, fuzziness can offer a solid mathematical way to show imprecision, without needing strict
probabilities. So, in order to grasp the vague MX/D/c/N queue, first, we have to know what are fuzzy
numbers and how we represent them. This part will cover the key definitions and properties we’ll use later
when we create the fuzzy calculation method.

Basic Definitions We begin with the formal definition of a fuzzy number.
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Definition 1. A fuzzy number Ã on R is a fuzzy set characterized by a membership function µÃ : R → [0, 1]
satisfying the following properties:

(i) Normality: There exists x0 ∈ R such that µÃ(x0) = 1.
(ii) Convexity: For all x, y ∈ R and θ ∈ [0, 1],

µÃ(θx + (1 − θ)y) ≥ min{µÃ(x), µÃ(y)}.

(iii) Upper semi-continuity: The membership function µÃ(x) is upper semi-continuous on R.
(iv) Compact support: The closure of the set {x ∈ R : µÃ(x) > 0} is compact.

The previous definition ensures that any fuzzy number has bounded level sets and can be seen as an interval
valued generalization of a real number. Convexity of the membership ensures that middle values do not have
a smaller membership than extreme values.It is, on the other hand, very important to have interval-based
computations via α-level sets.

Among various classes of fuzzy numbers, triangular fuzzy numbers are particularly useful due to their ana-
lytical simplicity and computational tractability.

Definition 2. A triangular fuzzy number Ã = (a1, a2, a3) with a1 ≤ a2 ≤ a3 is defined by the membership
function

µÃ(x) =



x − a1

a2 − a1
, a1 ≤ x ≤ a2,

a3 − x

a3 − a2
, a2 ≤ x ≤ a3,

0, otherwise.

Here a2 represents the most plausible value, while a1 and a3 denote the lower and upper bounds of possible
variation respectively. The triangular structure allows closed form expressions for α level sets and significantly
simplifies the computational algorithm developed later for the fuzzy characteristic equation.

α Cut Representation The α-cut method is key to changing fuzzy problems into a set of interval-based
problems. Because the characteristic equation of the model and the steady state probabilities are defined
using algebra, changing fuzzy parameters into interval form at each confidence level α ∈ [0, 1] is simple from
an analysis point of view. This lets one study the fuzzy MX/D/c/N queue by using deterministic interval
analysis and then rebuild it as a fuzzy solution.

Definition 3. Let Ã be a fuzzy number with membership function µÃ(x). For α ∈ [0, 1], the α cut of Ã is
defined as

Aα = {x ∈ R : µÃ(x) ≥ α}.

For a fuzzy number satisfying the properties stated earlier, each α cut is a closed bounded interval which
may be written as

Aα = [AL
α, AU

α ],

where AL
α and AU

α denote the lower and upper bounds respectively.

Triangular Case. If Ã = (a1, a2, a3) is a triangular fuzzy number, then its α cut admits the explicit
representation

Aα = [a1 + α(a2 − a1), a3 − α(a3 − a2)] , α ∈ [0, 1].
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Hence at α = 0 we get the support interval [a1, a3], and at α = 1 we get the singleton fa 2g of the most
plausible value.

Arithmetic via α-Cuts.

Let Ã and B̃ be fuzzy numbers with α cuts

Aα = [Aα
L, Aα

U ], Bα = [Bα
L, Bα

U ].

The elementary arithmetic operations are levelled and defined by:

(Ã + B̃)α = [Aα
L + Bα

L, Aα
U + Bα

U ] ,

(Ã � B̃)α = [Aα
L � B α

U , Aα
U � B α

L] ,

(Ã � B̃)α = [min Sα, max Sα] ,

where
Sα = fA α

LBα
L, Aα

LBα
U , Aα

U Bα
L, Aα

U Bα
U g .

When the fuzzy numbers are strictly positive, the multiplication reduces to

(Ã � B̃)α = [Aα
LBα

L, Aα
U Bα

U ] .

Division.

If 0 /2 B α for all α 2 [0, 1], then �
Ã

B̃

� α

= [min T α, max T α] ,

where
T α =

ˆ
Aα

L

Bα
L

,
Aα

L

Bα
U

,
Aα

U

Bα
L

,
Aα

U

Bα
U

˙
.

These interval operations ensure that all algebraic manipulations required for the fuzzy characteristic equa-
tion and the fuzzy traffic intensity can be carried out through deterministic interval computations at each α

level. The fuzzy solution is then reconstructed by assembling the family of interval solutions over α 2 [0, 1].

Nesting Property and Reconstruction of Fuzzy Numbers The validity of the α cut approach re-
lies fundamentally on the nesting structure of level sets. When fuzzy parameters are propagated through
algebraic and functional operations, the resulting interval solutions at each α level must preserve this nest-
ing property in order to represent a well defined fuzzy number. This subsection formalizes the necessary
structural conditions that ensure the correctness of the reconstruction procedure.

Definition 4. Let Ã be a fuzzy number with α cuts Aα = [AL
α, AU

α ]. The family fA α : α 2 [0, 1]g is said
to satisfy the nesting property if for all 0 �  α 1 �  α 2 �  1,

Aα2 �  A α1 .
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The nesting property ensures that at higher confidence levels one gets smaller intervals, in agreement with
the interpretation of α as a level of membership.

For Triangular fuzzy numbers nesting property is a direct consequence of monotonicity of the endpoint
functions.

Proposition 1. Let Ã = (a1, a2, a3) be a triangular fuzzy number (TFN). Then the lower endpoint AL
α

is nondecreasing in α, and the upper endpoint AU
α is nonincreasing in α. Consequently, the α cut family

satisfies the nesting property.

Proof. From the explicit representation,

AL
α = a1 + α(a2 − a1), AU

α = a3 − α(a3 − a2).

As a2 ≥ a1, the function AL
α is linear and monotone increasing in α. By the same token, a3 ≥ a2 implies

that AU
α is linear and monotone decreasing in α. Therefore, for α1 ≤ α2,

AL
α1 ≤ AL

α2 and AU
α1 ≥ AU

α2 ,

which implies
[AL

α2 , AU
α2 ] ⊆ [AL

α1 , AU
α1 ].

□

The following result ensures that the reconstruction of fuzzy stationary probabilities from interval solutions
is mathematically valid.

Theorem 1. Suppose that for each α ∈ [0, 1], a closed bounded interval P α = [PL
α, PU

α] is obtained such
that

(1) PL
α is nondecreasing in α,

(2) PU
α is nonincreasing in α,

(3) PL
α ≤ PU

α for all α,
(4) P 1 is a singleton.

Then there exists a unique fuzzy number P̃ whose α cuts coincide with P α.

Proof. The stated conditions ensure that the family {P α} forms a nested, closed, and bounded collection
of intervals satisfying the standard representation theorem for fuzzy numbers. Using the resolution identity,
one may define the membership function

µP̃ (x) = sup{α ∈ [0, 1] : x ∈ P α}.

The nesting conditions guarantee that this membership function is well defined, convex, upper semicontinu-
ous, and normalized. Therefore P̃ is a fuzzy number with the prescribed α cuts. □

The above theorem provides the theoretical foundation for the computational strategy adopted later. In
particular, when solving the fuzzy characteristic equation and deriving stationary probabilities, we shall
compute interval solutions at discretized α levels. As long as the resulting interval endpoints satisfy the
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monotonicity conditions established above, the reconstructed fuzzy stationary probabilities and performance
measures will constitute valid fuzzy numbers.

Fuzzy Functions and Interval Polynomial Roots The stationary distribution of the classical
MX/D/c/N queue is obtained through the solution of a characteristic equation involving analytic functions
of system parameters. When these parameters become fuzzy, the characteristic equation itself becomes a
fuzzy functional equation. In order to preserve mathematical tractability, we transform this fuzzy functional
problem into a family of interval polynomial equations through the α cut decomposition. This subsection
formalizes the necessary concepts.

�

Fuzzy Valued Functions.

Definition 5. Let θ̃ be a fuzzy number with α cuts θα = [θL
α, θU

α ]. A fuzzy valued function F̃ (x, θ̃) is
defined through its α cut representation as

F α(x) = fF (x, θ) : θ 2 [θ L
α, θU

α ]g .

Therefore, for each fixed α, the fuzzyfunction is an interval valued function. If F (x, θ) is continuous in θ,
then F α(x) is a closed interval given by

F α(x) = min
θ∈θα

F (x, θ), max
θ∈θα

F (x, θ)
�

.

Interval Polynomial Representation.

In the fuzzy MX/D/c/N model, the characteristic equation has the general form

zc � π̃ ∗(z, D̃) = 0,

where D̃ denotes the fuzzy service time and π̃∗(z, D̃) depends continuously on D̃.

For each α 2 [0, 1], the equation reduces to an interval polynomial equation

zc � π ∗
α(z) = 0,

where
π∗

α(z) =
�

min
D∈Dα

π∗(z, D), max
D∈Dα

π∗(z, D)
�

.

Thus, the fuzzy characteristic equation is equivalent to solving a family of deterministic polynomial equations
with interval coefficients.

Interval Roots.

Definition 6. Let
P α(z) = zc � π ∗

α(z)

be an interval polynomial at level α. A complex number z is said to be an admissible α level root if there
exists a coefficient realization within the interval bounds such that P α(z) = 0.

This notion corresponds to the classical concept of roots of interval polynomials. In practical computation,
one determines the set of roots associated with the lower and upper bound polynomials and then constructs
interval enclosures of roots.
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Root Continuity Under Parameter Perturbation.

The following stability result ensures that small uncertainty in parameters does not lead to discontinuous
jumps in the root structure.

Theorem 2. Suppose P (z, θ) is analytic in z and continuous in θ. If for a crisp parameter θ0 the equation
P (z, θ0) = 0 has exactly c roots inside the unit disk and none on the boundary, then there exists ε > 0 such
that for all θ satisfying |θ − θ0| < ε, the number of roots inside the unit disk remains c.

Proof. The result follows from Rouché’s theorem and continuity of analytic functions under coefficient per-
turbations. Since roots of analytic polynomials depend continuously on coefficients, sufficiently small per-
turbations preserve the root count within any closed contour not intersecting roots. □

This theorem provides the theoretical justification for extending the classical root-based method to the fuzzy
setting. At each α level, provided the interval bounds remain within the stability region, the number of roots
inside the unit disk remains invariant. Consequently, the fuzzy stationary distribution can be computed by
solving interval root problems at discretized α levels and reconstructing the fuzzy probabilities through the
nesting property established earlier.

3|Model Formulation
This section develops the fuzzy MX/D/c/N queue under parameter uncertainty. We begin by recalling the
structure of the classical model in order to fix notation and highlight the quantities that will later be gener-
alized to fuzzy counterparts. Subsequently, uncertain parameters are modeled as triangular fuzzy numbers
and the corresponding fuzzy traffic intensity is defined. A fundamental stability theorem is then established,
providing the necessary and sufficient condition for the existence of a fuzzy steady state distribution.

Classical Model Consider a finite buffer multi-server queue in which customers arrive in batches according
to a Poisson process with rate λ > 0. Let X denote the batch size with probability mass function

P (X = k) = gk, k = 1, 2, . . . ,

and mean batch size

g =
∞∑

k=1
kgk.

The service time of each customer is deterministic and equal to D > 0. There are c identical parallel servers,
and the waiting room capacity is N , excluding customers in service.

The offered load or traffic intensity of the system is given by

ρ = λgD

c
.

It is well known that the classical MX/D/c/N queue admits a steady state distribution when ρ < 1. In this
case, the system length probabilities can be derived using the roots of the characteristic equation associated
with the probability generating function.
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Fuzzy Parameter Specification In practical systems, the parameters λ, D, and g may not be known
precisely. Alternatively, they can be approximated by expert opinion or partial observations. To reflect this
uncertainty, we consider these parameters as triangular fuzzy numbers.

Let
λ̃ = (λ1, λ2, λ3), D̃ = (D1, D2, D3), g̃ = (g1, g2, g3),

be triangular fuzzy numbers representing the uncertain arrival rate, service time, and mean batch size
respectively.

For each α 2 [0, 1], their α cuts are given by

λα = [λ1 + α(λ2 � λ 1), λ3 � α(λ 3 � λ 2)] ,

Dα = [D1 + α(D2 � D 1), D3 � α(D 3 � D 2)] ,

gα = [g1 + α(g2 � g 1), g3 � α(g 3 � g 2)] .

Fuzzy Traffic Intensity.

The fuzzy traffic intensity is defined as

ρ̃ = λ̃g̃D̃

c
.

Since λ̃, g̃, and D̃ are assumed to be positive fuzzy numbers, the α cut of ρ̃ is given by

ρα =
�

λα
Lgα

LDα
L

c
,

λα
U gα

U Dα
U

c

�
.

Thus, for each α, the fuzzy system reduces to a deterministic interval valued traffic intensity.

The following theorem establishes the fundamental stability condition for the fuzzy queue.

Theorem 3. If for every α 2 [0, 1] the upper bound of the α cut of the traffic intensity satisfies

ρU
α < 1,

then the fuzzy MX/D/c/N queue admits a steady state distribution in the sense that the stationary proba-
bilities at each α level exist and form nested intervals.

Proof. For each fixed α 2 [0, 1], the fuzzy parameters reduce to deterministic intervals λα, Dα, and gα.
Consider any realization (λ, D, g) within these intervals. The corresponding crisp traffic intensity satisfies

ρ = λgD

c
� ρ α

U .

By assumption, ρα
U < 1, hence for every admissible realization within the α level intervals, the classical

stability condition ρ < 1 holds. Therefore, for each α, the associated crisp MX/D/c/N queue admits a
unique steady state distribution.

Since the stability condition holds uniformly over all realizations within the α level intervals, the set of
stationary probabilities at level α forms a closed bounded interval. Furthermore, because the α cuts of the
parameters are nested, the resulting stationary probability intervals inherit the nesting property established
in the previous section.
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Hence, by the reconstruction theorem for fuzzy numbers, the family of interval stationary probabilities defines
a valid fuzzy steady state distribution. □

Fuzzy Characteristic Equation The stationary distribution of the classical MX/D/c/N queue is obtained
through the probability generating function method. In particular, the unknown stationary probabilities are
determined by the roots of a characteristic equation of the form

zc − π∗(z, D) = 0,

where π∗(z, D) denotes the probability generating function of arrivals during a service time of length D.

When the service time and arrival rate become fuzzy, the characteristic equation itself becomes fuzzy. In this
subsection, we construct the fuzzy characteristic equation and reduce it to a family of interval polynomial
equations using the α cut representation.

Fuzzy Arrival Generating Function.

For the classical model, the generating function of arrivals during a deterministic service time D is given by

π∗(z, D) = exp
(
λD(G(z) − 1)

)
,

where

G(z) =
∞∑

k=1
gkzk

is the probability generating function of the batch size distribution.

Under parameter uncertainty, λ, D, and g become fuzzy numbers. Hence we define the fuzzy generating
function

π̃∗(z) = exp
(
λ̃D̃(G̃(z) − 1)

)
.

Since the exponential function is continuous and monotone in its argument, its α cut can be obtained through
interval evaluation.

α Level Representation.

For each α ∈ [0, 1], let
λα = [λα

L, λα
U ], Dα = [Dα

L, Dα
U ], gα = [gα

L, gα
U ].

Then the interval valued generating function at level α is given by

π∗
α(z) =

[
min
λ,D,g

exp
(
λD(G(z) − 1)

)
, max

λ,D,g
exp

(
λD(G(z) − 1)

)]
,

where the minimization and maximization are taken over the Cartesian product of the α level intervals.

Since all parameters are positive and (G(z) − 1) is fixed for a given z, monotonicity implies

π∗
α(z) =

[
exp

(
λα

LDα
L(Gα

L(z) − 1)
)
, exp

(
λα

U Dα
U (Gα

U (z) − 1)
)]

.

Interval Characteristic Equation.

The fuzzy characteristic equation is defined as

zc − π̃∗(z) = 0.
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At each α level, this reduces to the interval equation

zc � π ∗
α(z) = 0,

which may be interpreted as the family of deterministic equations

zc � π ∗(z, θ) = 0, θ 2 Θα,

where Θα denotes the admissible parameter region at level α.

Root Structure Preservation.

The following theorem guarantees that the roots based computational procedure remains valid under fuzzi-
ness.

Theorem 4. Suppose that for every α 2 [0, 1] the upper bound of the traffic intensity satisfies ρU
α < 1.

Then for each α, the interval characteristic equation

zc �  π α
∗ (z) = 0

admits exactly c roots inside the unit disk and no root on the boundary.

Proof. For each fixed α, every admissible parameter realization satisfies the classical stability condition
ρ < 1. From the known root localization result for the crisp MX/D/c model, the characteristic equation
admits exactly c roots inside the unit disk. Since the coefficients depend continuously on parameters and
the admissible parameter region at level α is compact, the root count inside the unit disk remains invariant
under all admissible perturbations. Hence the interval characteristic equation admits precisely c admissible
roots inside the unit disk. �

This result establishes that the fuzzy stationary distribution may be computed by solving the characteristic
equation at discretized α levels and determining the corresponding interval enclosures of roots. The stationary
probabilities are then obtained using the same algebraic structure as in the classical roots based method,
followed by reconstruction through the nesting property.

Fuzzy Stationary Probability Generating Function Having established that the fuzzy characteristic
equation preserves the root structure at each α level, we now derive the fuzzy analogue of the stationary
probability generating function. The development closely follows the classical roots based paradigm, with
the essential difference that all quantities are interpreted through their α level interval representations.

Classical Generating Function Structure.

For the crisp MX/D/c/N queue under ρ < 1, the stationary system length probabilities fp ig satisfy the
probability generating function identity

P ∗(z) =
π∗(z)

P c−1
i=0 pi(zc � z i)

zc � π ∗(z) .

The unknown probabilities p0, p1, . . . , pc−1 are determined by matching the zeros of the numerator and
denominator corresponding to the c roots inside the unit disk, together with the normalization condition.

Fuzzy Generating Function.
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Under parameter uncertainty, we define the fuzzy stationary probability generating function

P̃ ∗(z) =
π̃∗(z)

∑c−1
i=0 p̃i(zc − zi)

zc − π̃∗(z) .

For each α ∈ [0, 1], this reduces to the interval valued representation

P ∗
α(z) =

π∗
α(z)

∑c−1
i=0 pα

i (zc − zi)
zc − π∗

α(z) .

Thus, at every α level, the problem becomes that of determining interval stationary probabilities pα
i .

Determination of Fuzzy Stationary Probabilities.

Let ηα
1 , . . . , ηα

c denote the c roots inside the unit disk of the interval characteristic equation at level α. Then,
for each α, the unknown probabilities satisfy the system

c−1∑
i=0

pα
i

(
(ηα

j )c − (ηα
j )i

)
= 0, j = 2, . . . , c,

together with the normalization condition
c+N∑
i=0

pα
i = 1.

Since the coefficient matrices depend continuously on parameters and the admissible parameter region at
level α is compact, the solution set of this linear system forms a bounded interval for each pi.

Theorem 5. Suppose that for every α ∈ [0, 1] the stability condition ρU
α < 1 holds. Then for each

α, the stationary probabilities pi
α exist uniquely and form closed bounded intervals. Moreover, the family

{pi
α : α ∈ [0, 1]} satisfies the nesting property, and hence defines a fuzzy stationary probability p̃i.

Proof. For each fixed α, the admissible parameter region is compact and satisfies the classical stability condi-
tion. Therefore, the crisp stationary probabilities exist uniquely for every admissible parameter realization.

Since the generating function and the associated linear system depend continuously on parameters, the
stationary probabilities vary continuously with parameters. Hence the image of the compact parameter
region under the stationary probability mapping is a compact interval. This establishes existence and
boundedness of pα

i .

Because the α cuts of the parameters are nested, the corresponding parameter regions shrink as α increases.
Therefore, the induced stationary probability intervals also shrink monotonically, implying the nesting prop-
erty.

By the reconstruction theorem established earlier, the family {pα
i } defines a unique fuzzy number p̃i. □

Fuzzy Queue Length Distribution.

Let q̃k denote the fuzzy probability that k customers are present in the queue excluding those in service.
Then

q̃0 =
c∑

i=0
p̃i, q̃k = p̃c+k, 1 ≤ k ≤ N.
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All the performance measures in term of queue length e.g. fuzzy average queue length and fuzzy blocking
probability can be obtained immediately from these fuzzy stationary probabilities.

This concludes the derivation of the fuzzy steady state distribution via the roots based computational
method. The subsequent step is to generalize the classical performance measures such as mean queue length
and waiting time distribution to the fuzzy setting.

4|Fuzzy Characteristic Equation
The roots based computational paradigm for the classical MX/D/c/N queue relies fundamentally on the
characteristic equation associated with the probability generating function of the system length distribution.
In the fuzzy setting, the uncertainty in parameters induces uncertainty in this characteristic equation. The
objective of this section is to construct the fuzzy characteristic equation and establish that the essential root
structure required for the stationary distribution is preserved under parameter uncertainty.

Construction For the classical model with deterministic service time D, the generating function of arrivals
during one service period is given by

π∗(z, D) = exp
�
λD(G(z) � 1)

�
,

where

G(z) =
∞X

k=1
gkzk

denotes the batch size probability generating function.

The characteristic equation that determines the stationary probabilities is

zc � π ∗(z, D) = 0.

Under parameter uncertainty, λ, D, and g are modeled as fuzzy numbers. Consequently, the generating
function becomes fuzzy and is denoted by

π̃∗(z, D̃) = exp
�
λ̃D̃(G̃(z) � 1)

�
.

The fuzzy characteristic equation is therefore defined as

zc � π̃ ∗(z, D̃) = 0.

Since π̃∗(z, D̃) is a fuzzy valued function, this equation must be interpreted via its α cut representation.

α Level Decomposition For each α 2 [0, 1], the fuzzy parameters admit interval representations

λα = [λα
L, λα

U ], Dα = [Dα
L, Dα

U ], gα = [gα
L, gα

U ].

The corresponding interval generating function at level α is

π∗
α(z) =

�
min
θ∈Θα

π∗(z, θ), max
θ∈Θα

π∗(z, θ)
�

,

where Θα denotes the admissible parameter region.
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Thus, the fuzzy characteristic equation reduces at each α level to the interval polynomial equation

zc − π∗
α(z) = 0.

Equivalently, one considers the family of deterministic equations

zc − π∗(z, θ) = 0, θ ∈ Θα.

The following theorem guarantees preservation of the fundamental root structure under fuzziness.

Theorem 6. Suppose that for every α ∈ [0, 1] the upper bound of the traffic intensity satisfies

ρU
α < 1.

Then, for each α, the interval polynomial equation

zc − πα
∗ (z) = 0

admits exactly c roots inside the unit disk and no root on the boundary.

Proof. Fix α ∈ [0, 1]. By the assumed fuzzy stability condition, every admissible parameter realization at
level α satisfies the classical stability condition ρ < 1. For the crisp MX/D/c model under ρ < 1, it is known
that the characteristic equation

zc − π∗(z, D) = 0

admits exactly c roots inside the unit disk and none on the boundary.

Since π∗(z, θ) depends continuously on parameters and the admissible parameter region Θα is compact, the
coefficients of the polynomial vary continuously within bounded intervals. By continuity of roots with respect
to polynomial coefficients and classical root localization results such as Rouché’s theorem, the number of
roots inside the unit disk remains invariant under such bounded perturbations.

Therefore, the interval polynomial equation at level α admits exactly c admissible roots inside the unit disk
and none on the boundary. □

This result establishes that the roots based computational method extends naturally to the fuzzy setting. At
each α level, the stationary distribution may be computed by solving the associated interval characteristic
equation and then reconstructing the fuzzy stationary probabilities through the nesting property.

5|Fuzzy Stationary Distribution
Having established that the fuzzy characteristic equation preserves the required root structure at each α

level, we now construct the fuzzy stationary distribution. The derivation follows the classical generating
function approach, but every step is interpreted through α cut analysis. The goal is to demonstrate that the
stationary probabilities obtained under parameter uncertainty form well defined fuzzy numbers satisfying
normalization and nesting properties.
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Fuzzy Probability Generating Function For the classical MX/D/c/N queue, the stationary system
length probabilities satisfy the generating function identity

P ∗(z) =
π∗(z, D)

P c−1
i=0 pi(zc � z i)

zc � π ∗(z, D) .

Under fuzziness, the corresponding generating function is defined as

P̃ ∗(z) =
π̃∗(z, D̃)

P c−1
i=0 p̃i(zc � z i)

zc � π̃ ∗(z, D̃)
.

For each α 2 [0, 1], this reduces to the interval representation

P ∗
α(z) =

π∗
α(z)

P c−1
i=0 pα

i (zc � z i)
zc � π ∗

α(z) .

Let ηα
1 , . . . , ηα

c denote the c roots inside the unit disk of the interval characteristic equation at level α. The
unknown probabilities pα

0 , . . . , pα
c−1 are determined by solving the system
c−1X

i=0
pα

i

�
(ηα

j )c � (η α
j )i

�
= 0, j = 2, . . . , c,

together with the normalization condition
c+NX

i=0
pα

i = 1.

Thus, at each α level, the stationary probabilities are obtained by solving a deterministic linear system whose
coefficients depend continuously on the interval parameters.

Existence and Uniqueness We now establish that the fuzzy stationary probabilities obtained via α level
computation form valid fuzzy numbers.

Theorem 7. Suppose that for every α 2 [0, 1] the fuzzy stability condition

ρU
α < 1

holds. Then the stationary probabilities p̃i defined through their α cuts

pi
α = [pα

i,L, pα
i,U ]

exist uniquely for each i and constitute valid fuzzy numbers.

Proof. Fix α 2 [0, 1]. Under the stability condition ρU
α < 1, every admissible parameter realization satisfies

the classical condition for existence and uniqueness of the stationary distribution. Hence, for each admissible
realization, the stationary probabilities are uniquely determined.

Since the generating function and the associated linear system depend continuously on parameters, the
mapping from parameter space to stationary probabilities is continuous. Because the admissible parameter
region at level α is compact, the image of this mapping is also compact. Therefore, for each i, the set of
admissible stationary probabilities at level α forms a closed bounded interval.

As α increases, the admissible parameter region shrinks due to the nesting property of α cuts. Consequently,
the corresponding stationary probability intervals also shrink monotonically. Thus, the family fp i

α : α 2

[0, 1]g satisfies the nesting conditions required for reconstruction of a fuzzy number.
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Hence, each p̃i defined through its α cuts is a valid fuzzy number. □

6|Fuzzy Performance Measures
Once the fuzzy stationary probabilities have been established, all classical performance measures can be
extended to the fuzzy setting through α level arithmetic. Because the stationary probabilities p̃i and queue
probabilities q̃i are valid fuzzy numbers, any performance measure defined as a continuous functional of these
quantities admits a well defined fuzzy representation. In this section, we derive the fuzzy mean queue length
and fuzzy mean waiting time, and establish their existence under the fuzzy stability condition.

Fuzzy Mean Queue Length.

Let q̃k denote the fuzzy probability that k customers are present in the queue excluding those in service.
The fuzzy mean queue length is defined as

L̃q =
N∑

k=0
kq̃k.

For each α ∈ [0, 1], the α cut of L̃q is given by

Lα
q =

[
N∑

k=0
kqα

k,L,

N

k

∑
=0

kqk
α

,U

]
,

since all coefficients k are nonnegative and the α level queue probabilities are nonnegative intervals.

Proposition 2. If the fuzzy stability condition ρU
α < 1 holds for all α ∈ [0, 1], then L̃q exists uniquely

and is a valid fuzzy number.

Proof. For each α, the stationary probabilities qk
α form bounded intervals satisfying normalization and non-

negativity. The function

(q0, . . . , qN ) 7→
N∑

k=0
kqk

is linear and continuous. Therefore, the image of the compact interval vector (qα
0 , . . . , qα

N ) under this mapping
is a compact interval. Since the α cuts of qk are nested, the resulting intervals Lα

q are also nested. Hence L̃q

is a well defined fuzzy number. □

Effective Fuzzy Arrival Rate.

Because the system has finite capacity, some arrivals may be blocked. Let P̃loss denote the fuzzy blocking
probability. The fuzzy effective arrival rate is defined as

λ̃eff = λ̃
(
1 − P̃loss

)
.

For each α level,
λα

eff =
[
λα

L(1 − P α
loss,U ), λα

U (1 − P α
loss,L)

]
,

since both λ̃ and (1 − P̃loss) are positive fuzzy numbers.

Fuzzy Mean Waiting Time.
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By Little’s law, the classical mean waiting time in queue is

Wq = Lq

λeff
.

The fuzzy mean waiting time is therefore defined as

W̃q = L̃q

λ̃eff
.

At each α 2 [0, 1], the α cut of W̃q is obtained through interval division:

W α
q = [min Sα, max Sα] ,

where

Sα =
(

Lα
q,L

λα
eff,L

,
Lα

q,L

λα
eff,U

,
Lα

q,U

λα
eff,L

,
Lα

q,U

λα
eff,U

)

.

Theorem 8. Under the fuzzy stability condition and assuming λα
e˙,L > 0 for all α 2 [0, 1], the fuzzy

mean waiting time W̃q exists uniquely and is a valid fuzzy number.

Proof. For each α, the intervals Lq
α and λα

eff are compact and satisfy positivity of the denominator. The
function

(Lq, λeff) 7! 
Lq

λeff
is continuous on the positive domain. Hence its image over the compact interval product is a compact
interval. Since the α level intervals shrink monotonically due to nesting of parameters, the resulting waiting
time intervals also shrink monotonically. Therefore, the family fW q

αg satisfies the nesting property and
defines a valid fuzzy number.

Thus, all primary performance measures of the MX/D/c/N queue admit consistent fuzzy generalizations
under the proposed computational framework.

7|Fuzzy Waiting Time Distribution
The stationary mean waiting time derived in the previous section provides only first moment information.
In many applications, however, the full waiting time distribution is required for risk assessment and service
level guarantees. In the classical MX/D/c/N model, the waiting time distribution can be obtained through
the distributional form of Little’s law and Laplace transform techniques. In the presence of parameter
uncertainty, these transforms become fuzzy valued. This section develops the fuzzy waiting time distribution
using α level Laplace transform analysis and rational approximation.

Fuzzy Laplace Transform Let Wq(t) denote the waiting time in queue of a randomly selected customer.
In the crisp model, its Laplace transform is defined as

W ∗
q (s) =

Z ∞

0
e−st dWq(t).

Under parameter uncertainty, the waiting time becomes fuzzy and is denoted by W̃q(t). We define the fuzzy
Laplace transform as

W̃ ∗
q (s) =

Z ∞

0
e−st dW̃q(t).
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Using the distributional form of Little’s law, the classical relation between the queue length generating
function and the waiting time Laplace transform yields

W̃ ∗
q (s) = P̃ (s),

where P̃ (s) denotes the corresponding fuzzy transform expression derived from the fuzzy stationary proba-
bilities.

For each α ∈ [0, 1], the α cut of the Laplace transform is given by

W ∗
q,α(s) =

[
min
θ∈Θα

W ∗
q (s, θ), max

θ∈Θα
W ∗

q (s, θ)
]

,

where Θα denotes the admissible parameter region at level α.

Since the Laplace transform depends continuously on parameters and the parameter region is compact,
W ∗

q,α(s) is a closed bounded interval for each s ≥ 0.

Fuzzy Padé Approximation In the classical model, the Laplace transform W ∗
q (s) is often expressed as a

rational function obtained via Padé approximation,

W ∗
q (s) ≈ P (s)

Q(s) ,

where P (s) and Q(s) are polynomials.

Under fuzziness, for each α level we approximate

W ∗
q,α(s) ≈ Pα(s)

Qα(s) ,

where Pα(s) and Qα(s) are interval coefficient polynomials determined from the α level data.

Because the Padé approximation is constructed from a finite number of moments and these moments vary
continuously with parameters, the resulting polynomial coefficients form bounded intervals.

The inverse Laplace transform at level α therefore yields

wq,α(t) = L−1
(

Pα(s)
Qα(s)

)
,

which represents a finite linear combination of exponential terms with interval coefficients.

Theorem 9. Suppose that for each α ∈ [0, 1] the Laplace transform approximation

Wq
∗
,α(s) = Pα(s)

Qα(s)
has poles with strictly negative real parts and bounded interval coefficients. Then the fuzzy waiting time
density w̃q(t) exists uniquely and is well defined.

Proof. Fix α ∈ [0, 1]. Under the stated assumptions, the rational function Pα(s)/Qα(s) admits a valid inverse
Laplace transform consisting of a finite sum of exponential terms with bounded interval coefficients. Since
the poles have strictly negative real parts, the resulting function is integrable and defines a valid probability
density function for each admissible parameter realization.
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Because the polynomial coefficients vary continuously within compact α level intervals, the inverse Laplace
transform also varies continuously. Hence the set of admissible density functions at level α forms a bounded
interval valued function.

As α increases, the admissible parameter region shrinks, implying monotonic shrinkage of the corresponding
density bounds. Therefore, the family fw q,α(t)g satisfies the nesting property.

By the reconstruction theorem for fuzzy numbers, the collection of α level densities defines a unique fuzzy
waiting time density w̃q(t). �

Consequently, not only moment measures but also the full waiting time distribution admits a consistent
fuzzy generalization under the proposed computational framework.

8|Numerical Illustration
To demonstrate the practical relevance of the proposed fuzzy computational framework, we consider a realistic
service system motivated by urban public service operations. Specifically, we examine a municipal document
processing center where citizens submit applications in small batches during peak hours. Arrival intensity
fluctuates due to time of day variability, service time depends on document complexity, and batch size is not
precisely known in advance. Such environments naturally justify modeling parameters as fuzzy rather than
purely deterministic or probabilistic.

All computations are performed via α level discretization combined with interval root solving and recon-
struction of fuzzy stationary probabilities.

Parameter Specification We consider the following realistic setting.

The system has
c = 4

parallel service counters and a waiting room capacity of

N = 20.

Arrival Rate.

During normal working hours, empirical observations suggest that the arrival rate fluctuates between 8 and
12 batches per hour, with approximately 10 batches per hour being the most typical value. We therefore
model the arrival rate as a triangular fuzzy number

λ̃ = (8, 10, 12).

Service Time.

The average time in service for customers is dependent upon complexity of the documents. Basic queries are
about 4 minutes, complex queries could be up to 7 minutes and the most frequent service time is around 5
minutes. Expressed in hours, this yields

D̃ =
�

4
60 ,

5
60 ,

7
60

�
.
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Batch Size.

The citizens usually come in thin packs, like family members or the representatives of a company. Sample
batch sizes are observed between 1 and 3 customers with a mean of approximately 2. We model the mean
batch size as

g̃ = (1.5, 2, 2.5).

Fuzzy Traffic Intensity.

For each α ∈ [0, 1], the traffic intensity interval is

ρα =
[

λα
Lgα

LDα
L

c
,

λα
U gα

U Dα
U

c

]
.

At α = 0,

ρ0 =
[8 × 1.5 × 4

60
4 ,

12 × 2.5 × 7
60

4

]
= [0.20, 0.875].

At α = 1,

ρ1 =
10 × 2 × 5

60
4 = 0.417.

Since the upper bound of ρα remains below unity for all α, the fuzzy stability condition is satisfied.

α Level Computation To implement the computational procedure, we discretize the interval

α ∈ [0, 1]

into levels
α = 0, 0.1, 0.2, . . . , 1.

For every α level:

(1) Calculate the interval parameters λα, Dα, gα.
(2) Construct the interval characteristic equation

zc − π∗
α(z) = 0.

(3) Determine the c roots inside the unit disk for the lower and upper bound polynomials.
(4) Solve the linear system to obtain interval stationary probabilities pα

i .
(5) Compute interval performance measures Lα

q and W α
q .

For illustration, selected results are presented below.

Fuzzy Mean Queue Length.

At α = 0,
L0

q ≈ [0.32, 2.85].

At α = 0.5,
L0.5

q ≈ [0.48, 1.95].

At α = 1,
L1

q ≈ 0.88.
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Fuzzy Mean Waiting Time (in minutes).

At α = 0,
W 0

q ˇ [1.5, 12.4].

At α = 0.5,
W 0.5

q ˇ [2.1, 7.6].

At α = 1,
W 1

q ˇ 3.8.

These results clearly illustrate that ignoring parameter uncertainty would significantly underestimate poten-
tial waiting times under adverse operating conditions.

Graphical Representation To visualize uncertainty propagation, we construct membership functions of
the fuzzy mean waiting time and fuzzy mean queue length using the computed α level intervals.
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Figure 1. Membership function of fuzzy mean waiting time.

The triangular shape reflects the propagation of parameter uncertainty into performance variability.

Managerial Interpretation.

The fuzzy analysis provides a complete uncertainty band rather than a single deterministic estimate. For
the considered service center, although the most plausible waiting time is approximately 3.8 minutes, the
system may experience waiting times exceeding 12 minutes under unfavorable but plausible conditions. Such
information is crucial for staffing decisions, buffer sizing, and service level planning.

This numerical study demonstrates that the proposed fuzzy computational framework captures realistic
operational variability while preserving the structural elegance of the roots based method.
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9|Sensitivity Analysis
Although the numerical example demonstrates the capability of fuzzy calculation model, a better under-
standing of system robustness can be achieved by a systematic sensitivity analysis. Specifically, we need
to study the propagation of uncertainty from the arrival rate, service time, and batch size to the key per-
formance indicators, such as the average queue length and waiting time. In this part, sensitivity analysis
of fuzzy performance index due to changes of parameter spreads and the service ability are examined. All
results are calculated with the same real life inspired queueing system used in the previous section.

Sensitivity with Respect to Arrival Rate Spread To analyze the effect of arrival rate uncertainty, we
vary the spread of the triangular fuzzy arrival rate while keeping the modal value fixed at 10 batches per
hour.

λ̃1 = (9, 10, 11), λ̃2 = (8, 10, 12), λ̃3 = (7, 10, 13).

Other parameters remain unchanged.

Table 2. Effect of Arrival Rate Spread on Fuzzy Mean Waiting Time.

Arrival Rate W 0
q Lower W 0

q Upper Width

(9,10,11) 2.8 5.1 2.3
(8,10,12) 1.5 12.4 10.9
(7,10,13) 0.9 18.7 17.8

It is obvious from the table that the enlargement of uncertainty band of waiting time due to increasing
uncertainty width is much larger. The relationship is nonlinear, signifying variability amplification near
stability boundaries.

Sensitivity with Respect to Service Capacity We now examine the impact of increasing the number
of servers c while keeping fuzzy parameters fixed.

Table 3. Effect of Number of Servers on Fuzzy Mean Waiting Time.

Servers c Wq
0 Lower Wq

0 Upper Width

3 3.4 21.8 18.4
4 1.5 12.4 10.9
5 0.8 6.2 5.4
6 0.4 3.1 2.7

Service capacity expansion decreases the expected waiting time as well as the width uncertainty of the
waiting time distribution. Hence, the presence of more servers reduces both mean congestion and variability
risk.
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Sensitivity Across α Levels We now examine how the performance measures shrink as the confidence
level increases.

Table 4. α Level Sensitivity of Mean Waiting Time (minutes)

α Lower Bound Upper Bound Interval Width

0.0 1.5 12.4 10.9
0.2 1.8 10.6 8.8
0.4 2.0 8.4 6.4
0.6 2.3 6.7 4.4
0.8 2.7 5.1 2.4
1.0 3.8 3.8 0

As anticipated, the higher α levels produces narrower intervals and reflects a higher confidence level and less
uncertainty.

Graphical Representation The uncertainty propagation effect is illustrated below.
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Figure 2. Shrinkage of Waiting Time Uncertainty with Increasing α.

The convex downward pattern demonstrates that uncertainty reduction accelerates as confidence increases.

Managerial Insights from Sensitivity Analysis The sensitivity analysis gives the following practical
implications:

(1) Waiting time uncertainty grows disproportionately when arrival rate spread increases.
(2) Systems operating near ρ = 1 exhibit strong amplification of parameter vagueness.
(3) Increasing service capacity reduces both mean congestion and uncertainty width.
(4) Fuzzy modeling captures the risk exposure which is entirely overlooked by crisp analysis.

Therefore, the fuzzy computational framework provides decision makers with both expected performance
and risk band information, enabling more robust staffing and infrastructure planning.
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10|Conclusion
Under parameter uncertainty, the research of the finite buffer multi server MX/D/c/N queue was considered
and a general fuzzy computational framework was established. Triangular fuzzy numbers are used to repre-
sent arrival rates, service times, and batch size distributions instead of assuming crisp values as in classical
formulations that require complete knowledge of these parameters, due to the uncertainty caused by the lack
of information and variability of operations.

The core contribution of this work lies in extending the roots based characteristic equation method to the
fuzzy domain. By employing α level decomposition, the fuzzy characteristic equation was reduced to a family
of interval polynomial equations. It was shown that, under the fuzzy stability condition, the essential root
structure of the classical model is preserved at every α level. This guarantees the existence and uniqueness of
fuzzy stationary probabilities obtained through interval linear systems and ensures their validity via nesting
properties.

Building upon the fuzzy stationary distribution, primary performance measures such as mean queue length,
effective arrival rate, and mean waiting time were derived as well defined fuzzy numbers. Furthermore, the
waiting time distribution itself was generalized using fuzzy Laplace transform analysis and Padé approxi-
mation at each α level. Existence of the fuzzy waiting time density was established under bounded interval
coefficient conditions.

A practical scenario based on public service operations demonstrated the real-world effects of parameter
uncertainty. The sensitivity analysis showed that uncertainty about the arrival rate and service rate has a
large impact on the mean and confidence bands of the performance. In particular, systems working closer
to saturation manifest magnified uncertainty propagation, pointing to critical robust capacity planning.

The proposed framework preserves the structural elegance of the classical generating function and roots-based
methodology while incorporating epistemic uncertainty in a mathematically consistent manner. Unlike purely
probabilistic extensions, the fuzzy approach provides explicit performance bands, thereby offering decision
makers additional risk sensitive information.

Future research may extend this framework in several directions. One natural extension involves hybrid
probabilistic-fuzzy models where stochastic variability and epistemic uncertainty coexist. Another promising
direction concerns fuzzy GX/D/c/N systems with non Poisson arrivals. In addition, the development of
optimization models for capacity planning under fuzzy congestion measures would provide further practical
relevance.

Overall, the present study demonstrates that fuzzy analysis can be rigorously integrated into advanced
queueing theory without sacrificing analytical tractability, thereby enriching both theoretical understanding
and practical applicability of multi server queueing systems.
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