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Abstract

Soft set theory constitutes a comprehensive mathematical apparatus for modeling and managing uncertainty. Central
to this theory are soft-set operations and product constructions, which facilitate novel methodologies for addressing
problems characterized by parametric data. In the present study, we propose a new product structure for soft sets
whose parameter sets possess a group structure, termed the soft intersection-difference product. A rigorous
investigation of its fundamental algebraic properties is conducted, encompassing various soft subsets and notions of
equality. The findings are anticipated to stimulate further scholarly inquiry, potentially laying the groundwork for a
nascent soft group theory derived from this construction. Given that the development of soft algebraic structures
fundamentally relies on well-defined soft set operations and products, the study offers a substantial contribution to

the theoretical advancement of soft set theory.

Keywords: Soft sets, Soft subsets, Soft equalities, Soft intersection-difference product.

1| Introduction

Numerous researchers have proposed a variety of mathematical frameworks aimed at modeling and
addressing complex problems characterized by uncertainty, vagueness, and ambiguity in domains such as
engineering, economics, social sciences, and healthcare. Molodtsov [1] identified inherent limitations in
existing frameworks. For instance, fuzzy set theory [2] often encounters challenges in the appropriate
specification of membership functions, while probability theory relies on extensive trials to establish the
existence of a mean value.

To overcome these limitations, Molodtsov [1] introduced soft set theory as a novel mathematical paradigm,
demonstrating its potential applicability in diverse areas such as probability theory, game theory, and
operations research. In contrast to classical approaches, soft set theory provides a more adaptable framework
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by eliminating rigid requirements related to approximate descriptions. The seminal work by Maji et al. [3],
which applied soft sets to decision-making, laid the groundwork for subsequent advancements. Building upon
this foundation, numerous studies [4—10] introduced enhanced decision-making methodologies grounded in
soft set theory. Notably, Cagman and Enginoglu [11] proposed a soft set-based decision-making model and
further introduced the concept of soft matrices [12], formulating decision procedures based on their AND,
OR, AND-NOT, and OR-NOT operations. These formulations proved effective in resolving real-world
problems under uncertainty.

The adaptability and utility of soft set theory have led to its widespread adoption in decision-making contexts
[13-24], where significant developments have emerged. These include bijective and exclusive disjunctive soft
sets, generalized uni-int frameworks, soft approximations, operator-based decision processes, reduced and
cardinality-inverse soft matrices, soft semantics, and a range of mean and generalized operators on fuzzy soft
matrices, as well as soft set-valued mappings.

In recent years, scholarly interest has increasingly turned to the theoretical underpinnings of soft set theory.
Maji et al. [25] conducted a foundational analysis involving concepts such as soft subsets and supersets, soft
set equality, and basic operations, including union, intersection, AND-product, and OR-product. Pei and
Miao [26] refined these notions by exploring connections between soft sets and information systems and
redefining intersection and subset relations. Further contributions by Ali et al. [27] introduced new operations
such as restricted union, restricted intersection, restricted difference, and extended intersection. Subsequent
investigations [28, 29, 3840, 30—37]have focused on the algebraic structure of soft set operations, correcting
earlier conceptual inconsistencies and proposing new methodologies.

Significant progress has been made in the formalization of soft set operations, as evidenced by a wide array
of newly defined and rigorously analyzed operations [41-47]. Central to the theory are soft equal relations
and soft subsets. Maji et al. [25] initiated the formal definition of soft subsets, which was later extended by
Pei and Miao [26] and Feng et al. [29]. Qin and Hong [48] introduced new notions of soft congruence and
equality. To generalize Maji's distributive laws, Jun and Yang [49] incorporated broader soft subset classes
and proposed J-soft equal relations. Inspired by their work, Liu et al. [50] explored soft L-subsets and soft L-
equal relations, revealing that distributive laws do not universally apply across all soft equalities.

Building on this foundation, Feng and Li [51] investigated classifications of soft subsets and the properties of
soft product operations introduced in [24], such as the AND- and OR-products, within the framework of
soft L-subsets. Their comprehensive analysis addressed commutativity, associativity, and distributivity,
resolving previously incomplete findings and demonstrating that soft L-equal relations constitute congruence
relations in free soft algebras, where resulting quotient structures form commutative semigroups. For further
developments in the theory of soft equalities—including generalized soft equality, soft lattices, relaxed
parameter constraints, g-soft and gf-soft equality, and T-soft equality—see [52-50].

Cagman and Enginoglu [11] revisited the definition of soft set by Maji et al. [25] and its operations to enhance
practical applicability. They introduced four distinct product operations: AND-, OR-, AND-NOT-, and OR-
NOT-products, alongside the uni-int decision function. These innovations were integrated into a unified
decision-making framework, demonstrated through practical applications involving uncertainty. Sezgin et al.
[57] subsequently analyzed the AND-product, a pivotal operation in soft set-based decision-making, within
various equality frameworks, such as soft L-equality and J-equality. Their work systematically examined its
algebraic properties, including idempotency, commutativity, and associativity, comparing these with results
involving soft F-subsets, M-equality, L-equality, and J-equality.

The concept of the soft union product was first introduced for rings [58], semigroups [59], and groups [60],
forming the basis for the development of soft union rings, semigroup, and group theories. Similatly, the soft
intersection product was defined for groups [61], semigroups [62], and rings [63], with corresponding
algebraic theories subsequently developed. Due to inherent differences among these algebraic structures, the
definitions and properties of these products exhibit structural variations. In particular, the presence of a unit
element and inverses in groups imparts unique characteristics to the group-based definitions.
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In this study, we propose a novel product for soft sets whose parameter sets form a group structure, referred
to as the soft intersection-difference product, constructed within the definitional framework of Cagman and
Enginoglu [11]. A detailed analysis of its algebraic properties is undertaken, considering various soft subsets
and equality relations, with the aim of inspiring the development of a new soft group theory rooted in this
construct. The remainder of the paper is organized as follows: Section 2 revisits essential concepts in soft set
theory; Section 3 introduces the soft intersection-difference product and presents a comprehensive algebraic
analysis in relation to different types of soft subsets and equalities. The concluding section offers a summary

of the results and outlines directions for future research.
2| Preliminaries

This section is devoted to revisiting a selection of foundational definitions and structural properties that serve
as a theoretical basis for the developments presented in the subsequent section. Although the notion of the
soft set was initially proposed by Molodtsov [1], the conceptual framework, including key definitions and
operational structures, was later substantially revised by Cagman and Enginoglu [11] to enhance both
theoretical rigor and applicability. Accordingly, the present study is grounded in this refined formulation,
which will be employed consistently throughout the paper.

Definition 1 ([11]). Let E be a parameter set, U be a universal set, P(U) be the power set of U, and Y € E.
Then, the soft set [y over U is a function such that fy: E - P(U), where for all kK € Y, [y (K) = @. That is,

From now on, the soft set is abbreviated by SS.

Definition 2 ([11]). Let f3; be a SS are over U. If f3;(K) = @ for all k € E, then [3; is called a null SS and
indicated by @g, and if [ (k) = U, for all k € E, then [3 is called an absolute SS and indicated by Ug.

Definition 3 ([11]). Let [3,[x be two SSs are over U. If [ (K) S [x(K), for all kK € E, then [3; is a soft subset
of [y and indicated by 5 € [x. If 3 (R) = [x(R), for all kK € E, then [3; is called soft, equal to [, and denoted
by for = Ix-

Definition 4 ([11]). Let [5,fx be two SSs are over U. The of f3; and [y is the SS f3; U [x, where (f3 U [x)(w) =
L5 (W) U [x(w), for all w € E.

Definition 5 ([11]). Let f3; be an SS. Then, the relative complement of [3; denoted by (f3)", defined by the
SS [ E - P(U) such that f3"(e) = U\[3;(e), for all e € E.

Definition 6 ([60]). Let [g and dg be SSs, where G is a group. Then, the soft intersection-union product
{c®i/udg is defined by

([6®i/ude) (K) = Ng=tu(fc D U dg(w)), Lw €G, forallk € G.

Definition 7 ([64]). Let [ and dg be two SSs where G is a group. Then, the soft intersection-symmettic
difference product [®;/s is defined by

(C[G®i/s(fc,)(k) = nk=i1u(IG (})ACfG(ul)), L, w € G. forallk € G.

Definition 8 ([64]). Let [g and dg be two SSs, where G is a group. Then, the soft union-difference product
{c®u/adc is defined by

([6®u/adc) (K) = Ug=tu(fc O \ dg(w)), 1w € G, forallk € G.

For additional information on SSs, we refer to references [65-80].
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Definition 9 ([81]). Let [x and d, be two SSs. Then, [k is called a soft S-subset of dy, denoted by [x Es (. if
foralle EE, [x(e) = A and dk(e) = B, where A and B are two fixed sets and A € B. Moreover, two SSs [k and
d;, are said to be soft S-equal, denoted by [x =g dy, if {x Es di, and {;, Eg k-

It is evident that if [x =g d},, then [k and d} are the same constant functions, that is, for all e € E, [x(e)=
dk(e) = A.

Definition 10 ([81]). Let [k and d}, be two SSs. Then, [k is called a soft A-subset of di,, denoted by [x €4 .,
if, for each ¢, h € E, [x(g) < di.(h).

Definition 11 ([81]). Let fx and dj, be two SSs. Then, [k is called a soft S-complement of dy,, denoted by
[k =5 (d), if, for all e € E, [x(e) = A and dj,(e) = B, where A and B are two fixed sets and A = B'.

Remark 1 ([81]). Let fi be an SS. If fix Eg O, then fx = By. Similarly, if Uy Eg fi, then fi = Ug.
Proposition 1 ([81]). Let fx and dj, be two SSs. Then,

L [xSsdu=dk Eadi= Ik Edi.

IL fk =s dp = Ik = qL-
However, the converses may not be true.

Example 1 ([81]). Let E={r,,5,,53,54,55} be a parameter set, K= {ry,r,} and W={ry,5,,55} be two subsets of E
and U = {@,0,,03,04,05} be a universal set. Moreover, let

tx = {(r1, {1, @3}), (04, {@3, @4 })},
rw = {(r1,{eq, @3, 05}), (14, {@2, @3, @4} ), (75, { @z, @3, @4, @5 })},

mg = {( r1,{@z, @3}), (IZJ {e3}), (I3J {@2}), (74, {@1}), (5, {@q, @3})},

YE
= {( 11 {01, @, @3}), (7, {@1, @2, 03}), (75, {@1, @3, @3}), (54, {@1, @3, @3} ), (75, {@1, @3, @3})},

and

dg
= {( 11, {@y, @3, @4, @5}), (12, {@y, @3, @4, @5}), (13' {©2, @3, @4, @5}), (14, {@2, @3, @4, @5} ), (775, { @2, @3, @4, @5})],

be soft sets over U.

Since tg(r1) € rw(1), tk(Fs) € yw(rs) and since tg ()= tx(3)= tx(s) =0, and an empty set is a subset of all

sets, tx € ry. However, since tg(r;) & rw(rs), then ty &4 ry.

Since mg(ry)< ye(r1), mg(ry) S yg(r2), me(y) S ye(rs), me(ry) S ye@a) me(r) € ye(s) and mg(r)
YE(s), Mg(2)S yg(r1), mg(rz) € ye(rz), me(rz) € ye(r3), me(2)<S ye(a), me(r2) € ye(rs) and mg(ry)
YE(s), Mg(3)S ye(@r1), me(rs) S ye(rz), meg(rs) S ye(r3), me(r3) S ye(a), me(r3) € ye(rs) and mg(rs)
YE(s), Mg(@)S ye(1), me(ry) S ye(r2), me(ry) S ye(rs) me(rs) S ye@s), and mg(,)S ye(s), me(s)S
Ye(@1), mg(rs) € yg(r,), mg(rs) € yg(r3), mg(rs)S ye(ra), me(rs) € ye(rs), mg S, yg. Thus, mg Eyp and
mg €; yg by Proposition 3.

N 1N N

Furthermore, since mg and dg are constant functions such that mg(g) = A, dg(g) = B, where A and B ate two

fixed sets, and A € B, it is obvious that mg Eg dg.

Example 2. Let E={r; 5,535,455} be a parameter set, K= {ry,5,} and W={r; 5,55} be two subsets of E, and

U = {@©,0,,03,0,4,05} be a universal set. Moreover, let
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XE

= {(rp{ey, @z, @4}), (12, {@g, @z, @4 }), (73, {@q, @3, @4 }), (74, {@1, @3, @4} ), (55, { @1, @z, @4 })},
dg

= {(rp{ey, @z, @4}), (12, {@g, @z, @4 }), (73, {@q, @3, @4 }), (74, {@1, @3, @4} ), (55, { @1, @2, @4 })},
hg = {(r1, {e3, @5}), (2, {e3, @5}), (73, {@3, @5}), (74, {@3, @5} ), (75, {@3, @5})},

fw = {(r1, {ez, @3}), (74, {@q, @5}), (75, {@s )},

gw = {(r1, {ez, @3}), (4, {1, @5} ), (75, {@s 1)},

rg = {(r, {1, @5}), (rs, {@1, @51},

and

tx = {(r1, {1, @z, @3}), (74, {@1, @3, @3})},

be soft sets over U.

As xg and dg are constant functions, where xg(e) = dg(e) = A, for all e € E, where where A is a fixed set. it
is evident that xg =g hg, , thus xg = hg, and since xg and hg are constant functions, xg(e) = A, hg(e) = B,
where A and B are two fixed sets and A = B’, it is obvious that xg =g (hg)’. It is also obvious that fyy = gw;
however, fiy #s gw. Furthermore, although ri and tg are constant functions, rg #g ti.

3 | Soft Intersection-Difference Product

In this section, we introduce a novel binary operation for soft sets, referred to as the soft intersection-
difference product, defined in the context of soft sets whose parameter set is a group structure. A rigorous
algebraic analysis of this product is carried out, with particular attention devoted to its characteristics under
diverse notions of soft equalities and various classifications of soft subsets. Theoretical findings are further
elucidated through representative examples that illustrate the structural characteristics of the proposed

operation.

From now on, G denotes a group, Sg(U) is the collection of SSs, whose parameter set is G, and all the SSs are
the elements of S (U).

Definition 12. Let f; and dg be two SSs. Then, the soft intersection-difference product [g®;/qdg is defined
by
([6®i/adc) (K) = Ngmpu(c ) \ dg(w)), Lw € G, forallk € G.

Note here that since G is a group, there always exists 1, w € G such that kK = tw, for all kK € G. Let the order of
the group be n, that is |G| = n. Then, it is obvious that there exist n different combinations of writing styles
for each k € G such that K = tw;, where 1, w1 € G.

Note 1: Soft intersection-difference product is well-defined in Sg(U). In fact, let fg, dg, bg, (g € Sg(U) such

that (J:G' qG) = (bG, ZG) Then, J:G = bG and C[G = (Gs 1mply1ng that IG (k) = bG(k) Q.I'ld CfG (f() = ZG (f(), fOI' allk €
G. Thereby,

(@) ® = [ ] U6 ®\ da@} = () s B\ %)} = (b, i) ®).
k=twu k=twu

Hence, [c®i/adc = be®i/alc-

Example 3. Consider the group G = {9, b} with the following operation:
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d b
a d b
b b a

Let [ and dg; be two SSs over U= D, = {< x,y >:x? = y? = e,xy = yx} = {e,x,y, yx} as follows:

fo = {@{e;x yx}), (b, {x, yxD}, dc = {(Q, {e,y,yx}), (b, {e,yD}.

Since 2 =22=06, ([t®;adc)@) = {c(D) \ de(@} N Ye(6) \ de(6)} = {x}, and since b =26 = ba,
(6®i/ade) () = U@ \ de(®)} N {fa(6) \ da(D} = {x} is obtained. Hence,
L6®ijade = {(2,{x}), (b, {x)}.

Proposition 2. The set Sg(U) is closed under the soft intersection-difference product. That is, if [g and dg
are two SSs, then so is [®;/q G-

Proof: It is obvious that the soft intersection-difference product is a binary operation in Sg(U). Thereby,

Sc(U) is closed under the soft intersection-difference product.

Proposition 3. The soft intersection-difference product is not associative in Sg(U).

Proof: Let [, dg, and hg be three SSs over U = {e, x,y, yx} such that

Jo = {@{e,xyx}), (6, {x,yxD}, dc = {(Q {e,y,yx}), (6, {e,y})} and h¢ = {(2, {e,y}), (b, {y, yx})}.
Since f¢®i/adc = {(Q,{x}), (b, {x})}, then

([6®i/adc)®i/ahe = {(Q,{x}), (b, x}}.
Moreover, since dg®;/qhg = {(2, @), (b, @)}, then
c[G®i/d (CfG®i/th) = {(9' {X, YX}); (b, {X, YX})}

Thereby, ([c®i/adc)®i/ahc # fe®i/a(de®i/ahc)-

Proposition 4. The soft intersection-difference product is not commutative in Sg(U).

Proof: Consider the SSs [ and dg in Example 3. Then,

{6®i/adc = {(Q{x}), (6, {x})},

and

d6®isalc = {(Q,{y), (6, {yD},

implying that [;®;/qds # dc®i/afc-

Proposition 5. The soft intersection-difference product is not idempotent in Sg(U).

Proof: Consider the SS [ = {(Q,{e,x, yx}), (b, {x, yx})} in Example 3. Then,

{6®i/alc = {(8,0), (b,0)},

implying that [;®;/afc # {g-

Proposition 6. @ is the left absorbing element of the soft intersection-difference product in Sg(U).

Proof: Let x € G. Then,
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(06®yale) (® = [ |@a® \faw) = [0\ S} = g, 0.
k=twu

k=twu
Thus, B¢®;/afc = Dg-
Proposition 7. @ is not the right absorbing element of the soft intersection-difference product in Sg(U).
Proof: Consider the SS [ = {(2,{e,x,yx}), (b, {x, yx})} in Example 3. Then,
§6®i/a@c = {(2, {x,yx}), (b, {x,yx})},
implying that [;®;,q@¢ # Dg.
Remark 2. @ is not the absorbing element of the soft intersection-difference product in Sg(U).

Proposition 8. Iet [5 dg and hg be three SSs. If [ € dg then [(®i/ahe € d6®i/ahe
and ]’1(;®1/qu c hG®i/dIG-

Proof: Let [, dg and hg be three SSs such that [z € dg. Then, for allk € G, [;(K) € dg(K) and (dg(K))' &
[c(K))'. Thus,

(I6®y/ahe)®) = [ Ue®\ ha@} < [ {de® \ ho(w)} = (d6®yahs) ),
k=tw k=tw
for all k € G, implying that [;®;,4hg € dc®i/ahg. Similatly,

(he®y/ada)(® = [ ] the®\ do(} < [ the® \Ja(@)} = (he®y/ale) ),
k=tw

k=tw

fOI' all f( € G, 1mply1ng that hG®i/qu § hG®i/dIG'

Proposition 9. Let [, dg, bg, and {g be four SSs. If bg € [ and g € dg, then {6®i/afc € de®i/abe and
be®i/ads € f6®ialc-

Proof: Let [, dg, bg and g be four SSs such that bg € [; and {g € dg. Then, for all k € G, bg(R) < [(K) and
() € dg(K). Thus, (f5(K)) € (be(K)) and (d5(K)) € (46(K))’, for all k € G. Hence,

(%6®y/alc)® = [ | Ge®\ow} € [ ){da® \ bo(w)} = (ds®y/abs)®),
k=tw k=tw

implying that {3®;/qbg € d®;,afc. Similarly, for all k € G,
(be®y/ad)(® = [ the®\ @ € [ U\ 6w} = (6®y/ad6) (K,
k=tu k=tu

is obtained. Thereby, be®i/qde € [6®i/alc-
Theorem 1. Let [ and g be two SSs. Then, [®;/qadc = Ug if and only if [ = Ug and dg = @.

Proof: Let [ and dg be two SSs. Suppose that [ = Ug and dg = @¢. Hence, forallk € G, [g(K) = Ug(k) =U
and d;(K) = 0¢(R) = @. Thus,

(o®yade)® = [ |Ua®\ da(wd) = () (Vs \ 06w} = yo(r).

k=twu k=twu
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Thereby, IG®i/ddG = UG'
Conversely, suppose that [¢®;/qdg = Ug. Then, (IG®i/dch)(k) = Ug(R) = U, for all k € G. Thus,
Ug(R) = U = [®i/adc(K) = Ng=tullc® \ dg(u)}, for all k1, w € G.
This implies that [¢(}) \ dg(w) = U, for all{, w € G. Thus, [¢(}) = U and dg(w) = @ for all {, w € G. Thereby,
{c = Ug and ¢ = P¢.
PfOpOSitiOl'l 10. Let J:G and qG be two SSS If:[G §A qG, then IG®i/qu = Q)G'
Proof: Let [ and dg be two SSs andf €, dg. Thus, [;(Q) € dg(b) for each 9,6 € G. Hence,

§68yads(® = [ Ue® \ ds(w)} = 0 = 850

k=tw
Thus, [®;/qdc = D¢ is obtained.

Proposition 11. Let [ and dg be two SSs. Then, [®i/qds € [6®i/uds-
Proof: Let [ and d; be two SSs. Then, for all kK € G,

Us®yade)(® = [ U\ de@} € (] Ge® U de)} = (®yud) (®.
k=tu k=tw

Thus, [®i/adc € [c®i/udc-

Proposition 12. Let [; and dg be two SSs. If one of the assertions following is satisfied, then [(®;/qdc =
{e®i/udc:

L dg = @
I f; =@ and dg (R) N () = @ for all K, € G.
Proof: Let [ and d; be two SSs.
L Let d; = @¢. Then, for all k € G, d(K) = @ (k) = @. Thus,

Ue®yade)(®) = [ ]l ®\ o)} = 1] e ®\ 06w} = ] le B U B(w)}
k=twu k=tw LI
= ﬂ e udgw)} = (,;[G®i/u(fc)(f().
k=twu

Thus,l(;®i/dcf(; = IG®i/udG'
I Letfg = @¢ and dg (R) N dg(}) = @, forall K, € G. Then, forallk € G, [5(K) = B(K) = @. Hence,

Us®y/ade)® = [ | U O\ do(w)} = [ ] 06\ do@} = 0 = [ U U doCw)}
k=tw k=tw k=tw

= (c®i/udc) (K.
Thus, [®i/adc = [c®i/udc-
Proposition 13. Let [ and dg be two SSs. Then, [c®;/adc € f6®i/sdc-
Proof: Let [ and d be two SSs. Then, for all k € G,
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Us®y/ad)® = [ Ue O\ do(wd} € [ ] o Dads(w))

k=tw k=tw

= ([c®i/sdc) (K).

Thus, Ic®i/dq6 c IG®i/sqG~

Proposition 14. Let [; and dg be two SSs. If one of the assertions following is satistied, then [(®;/qdc =
{c®i/sda:

L dg & [
1. fg =s dg
1. [ = @¢ and dg (K) N dc(}) = @ for all k,1 € G.
V. dg = 0.
Proof: Let [ and dg be two SSs.

L. Suppose that dg Es [g. Hence, for all @ € G, d(2) = A and [;(2) = B, where A and B are two fixed sets and
A € B. Thus,

(c®i/adc) (K) = Ng=tullc @ \ dg (W)} = Ng=pullc DA (W)} = ((®i/sd6) (K).

Thus, I(;®i/dcf(} = IG®i/s(:fG~

1. Let f; =g dg. Then, for all K € G, [3(K) = A and d;(K) = B, where A and B are two fixed sets and A = B.
Hence,

(6®ijadc)(K) = Ng=tullc @ \ dg (W)} = Ng=pullc DA (W)} = (6 ®i/sd6) (K).

Thus, IG®i/dC[G = IG®1/5C[G'
III. Letf; = @g and dg (K) N dg(}) = @ for all k,t € G. Then, for all k € G, [;(K) = @5(k) = @. Hence,

Ue®y/ad)® = ) O\ da(wd} = [ ] {06 O\ o)} = 0.

k=tw k=tw

Similarly,

Us®yyad)® = [ e DAde(w)} = [ ] (@6 BAde(w)} = 0.

k=tw k=tw

Hence, [¢®i/adc = [c®i/sdc-
IV. Let dg = @¢. Then, for all k € G, dg(K) = @4(kK) = @. Thus,

Us®yyade)® = [ | U O\ o} = [ O\ 86} = [ e HAde(w)}

k=twm k=tw k=tw
= ([6®i/sqc) (K.
Thereby, [®i/adc = {c®i/sdc-
Proposition 15. Let [ and dg be two SSs. Then, [¢®;/adc € [c®y/adc-
Proof: Let [ and d be two SSs. Then, for all k € G,
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Us®yade)(® = [ Us O\ da} < | | ®\ dw)} = §o®u/ade)®).

k=tw k=tw

Thus, [;®i/adc € f6®u/ads-

Proposition 16. Let [; and dg be two SSs. If one of the assertions following is satistied, then [(®;/,qdc =
{6®uade-

L dg & 6
. fg €4 dg-
M. [ =g dg.
V. [g =s (dg)'-
Proof: Let [ and d; be two SSs.

I. Suppose that d; Es [¢. Hence, forall @ € G, d(2) = A, [;(2) = B, where A and B are two fixed sets and A €
B. Thus,

(6®i/ad6) (K) = Ng=puldc D \ dg(W)} = Ug=tullc D \ de(u)} = ((c®y/adc) (K).

Hence, [(®;/adc = Jc®u/adc-
II. Suppose that [g €4 dg. Then, [;(Q) € d;(b), for each Q, b6 € G. Thus,

(c®i/ad6) (K) = Ng=puldc D \ dg(u)} = @ = Ug=tullc D \ dg(u)} = ((c®y/adc) (K).
Hence, [¢®i/adc = Jc®u/adc-
III. Letf; =5 dg. Then, forallk € G, [3(K) = A, d5(K) = B, where A and B are two fixed sets and A = B. Hence,

Us®yyad)® = [ | U O\ o} =0 = |l 0\ do(w)} = Ge®uade)®).

k=twu k=tu

Hence, ®i/adc = fc®u/adc-

IV. Let [ =5 (dg)’. Then, for all kK € G, [;(kK) = A, dg(k) = B, where A and B are two fixed sets and A = B'.
Thus,

Us®yada)(® = [ Ue ®\ do} = | [ e ®\ do(w)} = (6Bu/ada) (.

k=tw k=tw

Hence, §®i/adc = fc®u/adc-

Proposition 17. The soft interection-difference product distributes over soft intersection operation from the
right side.

Proof: Let [, dg and hg be three SSs. Then,
(Us P d0)®yyahe) (0 = [ (Ua A d® \ hewd} = [ {0 N de®) \ haw}
k=hu k=tw

_ ﬂ [l \ hg )N (dg® \ hg(w))]

k=twu
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- LQU ®\ hG(w))] n LQU (da®\ hc(w))]

= ([¢®i/ahe) (K) N (d6®i/ahe) (K) = (Us®i/ahe) A (de®i/ahe)) (K).

Thus, ([ N d6)®i/ahc = Uc®i/ahe) N (de®;/ahe)-

Example 4. Consider the SSs [ and dg in Example 3. Let hg be an SS as follows: hg = {(Q, {e,yx}), (b, {x, y}}.
Since [®i/ahg = {(2,0), (b, 0)} and d®i/,ahc = {(2, D), (b, D)}, then

(c®i/ahe) N (d®i/ahe) = {(2,0), (b,0)}.
Moreover, since [ 0 dg = {(2,{e,yx}), (b, D)},

(e N de)®i/ahe = {(2,0), (b, @)}

Thus, ([ N d6)®i/ahe = Uc®i/ahe) N (da®;/ahe)-

4| Conclusion

This study introduces a novel binary operation for soft sets whose parameter sets possess a group structure,
termed the soft intersection-difference product. A comprehensive examination of its foundational algebraic
properties is undertaken, with particular emphasis on its interaction with various classes of soft subsets and
equality relations. The theoretical framework proposed herein not only addresses existing gaps but also offers
a potential pathway for the development of a new branch of soft group theory grounded in this product.
Prospective research directions may include the formulation of additional soft product operations and a
deeper exploration of soft equality structures, both of which are expected to contribute significantly to the
advancement of the theoretical and applied dimensions of soft set theory.
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