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Abstract

This paper introduces two improved almost unbiased estimator for estimating the finite population mean in
neutrosophic settings, incorporating two auxiliary variables to handle indeterminate data more effectively. We have
improved the classic ratio and product estimator with new estimators (tyy) and (tp;n), offering enhanced accuracy
when applied to uncertain real-life data. Through theoretical derivations and empirical validation using agricultural
data (rice yield with climatic variables), we demonstrate that our estimators perform better in term of both accuracy
and efficiency. The results show significantly higher Percentage Relative Efficiency (PRE) and lower Mean Squared
Error (MSE), highlighting the method’s effectiveness for scenarios involving imprecise or indeterminate data. This
study develops a framework for better statistical estimation by merging neutrosophic logic with classical sampling

methods to handle imprecise data effectively.

Keywords: Neutrosophic statistics, Ratio estimator, Product estimator, Auxiliary variables, Population mean,
Percentage relative efficiency.

1| Introduction

The main objective of sampling theory is to enhance the accuracy of estimating unknown population
parameters for a study variable by utilizing auxiliary information. This approach is most effective when there
is a strong correlation between the study variable and the auxiliary variable. A number of well-known
techniques, including as ratio, product, and regression estimators, are used to estimate population parameters
using auxiliary information. The ratio method of estimation, first introduced by Cochran [1], is particulatly
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useful when the study variable exhibits a strong positive correlation with the auxiliary variable. When there is
a significant negative relationship between the study and auxiliary variables, the product method of estimation
is used which was initially used by Murthy [2].

Auxiliary information has been utilized to enhance the accuracy of parameter estimation, as discussed by [3].
When auxiliary information is available, the ratio method of estimation gives better accuracy, but only when
the relationship between Y and X forms a straight line passing through the origin. If the regression line has a
non-zero intercept, the ratio estimator becomes less accurate. In such cases, a regression-type estimator is a
better choice because it takes the intercept into account and provides more precise results. A number of
studies are conducted using auxiliary information as [4] introduces about ratio estimators that utilize auxiliary
attribute information to estimate the population mean of a study variable. An almost unbiased estimator for
population coefficient of variation using auxiliary information was developed by Singh et al. [5].

Several studies have been conducted on sampling with two auxiliary variables in classical statistics. In a study,
Sharma and Singh [6] has proposed a new ratio type estimator using auxiliary information on two auxiliary
variables based on Simple random sampling without replacement (SRSWOR). In a paper Abu-Dayyeh et al.
[7] showed how to extend the two classes of estimators if more than two auxiliary variables are available.
Kadilar and Cingi [8] utilizing the estimator of [7], and suggested about an estimator using two auxiliary
variables in simple random sampling. Ratio cum product type exponential estimator was constructed by Singh
et al. [9]. Singh et al. [10] suggested about the efficiency of dual to ratio-cum-product estimator in sample
survey. An almost unbiased ratio and product type estimator in systematic sampling is developed by Singh
and Singh [11].

Classical statistical approaches determine the population mean based on clear, unambiguous data values,
particulatly when auxiliary variables are accessible; however, these methods often struggle with real-world
data that contains uncertainty, variability, or incomplete information, leading to less reliable estimates in
practical applications. Classical estimators often struggle in practical applications due to their rigidity. In
contrast, the rising field of neutrosophic estimators offers greater efficiency in dealing with uncertain or
indeterminate data.

The presence of uncertainty or indeterminacy in data leads to the development of neutrosophic statistics.
Smarandache [12], developed neutrosophic logic as an extension of fuzzy logic, providing a more robust
framework to handle uncertainty, ambiguity, and imprecision. By introducing an additional parameter for
indeterminacy, it proves especially valuable when dealing with incomplete or unreliable data. A fuzzy concept
refers to an idea that is uncertain or imprecise. The concept of fuzzy logic was introduced by Zadeh [13] and
is widely applied in fields like artificial intelligence to manage uncertainty and imprecision effectively. The
field of fuzzy statistics has evolved considerably, branching into areas like fuzzy regression analysis, fuzzy
probability theory, forecasting using fuzzy time series. The scope also covers confidence interval estimation
from imprecise data, operational research applications, hypothesis testing under fuzziness, and challenges
with uncertain arrival or service rates. To tackle the oversight of indeterminacy in fuzzy statistics, neutrosophic
statistics has emerged as a powerful alternative. It serves as an extension of both fuzzy and classical statistical
models and offers a way to quantify the uncertainty present in imprecise data. The concept was originally
proposed by Smarandache and has been widely discussed in subsequent literature, particularly in sources [14—
18]. The novelty of the neutrosophic framework is further highlighted in the works listed in [19-24].

This study concentrates on neutrosophic logic and statistics, especially in the context of neutrosophic statistics
derived from neutrosophic sets or logic. Neutrosophic approaches are employed in situations where fuzzy or
intuitionistic statistical techniques are insufficient to capture the indeterminate nature of uncertain or
imprecise data. The neutrosophic ratio-type estimators for estimating the population mean introduces by
Tahir and Khan [25]. In this article, [25] explores statistical estimation methods under uncertainty using
neutrosophic approaches. An almost unbiased estimator for population mean is discussed by [20], using
neutrosophic auxiliary information. A neutrosophic estimator that leverages the medians of two auxiliary
variables to estimate the finite population mean more accurately is developed by Singh and Tiwari [27]. The
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estimation of finite population mean in case of neutrosophic ranked set sampling scheme is determines by
Singh and Kumari [28].

In this paper, we have constructed two neutrosophic almost unbiased estimator for the estimation of

neutrosophic finite population mean using two auxiliary variables under indeterminacy. The first estimator

integrates ratio and product approaches with weighting coefficients (0y, 0 and 0,y), to reduces bias and
enhance precision. The second estimator combines ratio and exponential term with coefficients (1yy , I,y and

l,\)- This work extends neutrosophic sampling theoty, offering valid solutions for real-world applications

with uncertain or imprecise measurements.

2| Mathematical Notations and Methodology

The neutrosophic obsetvations are represented in form of 'Zy " which’ is expressed as Zy =Z; +Zl , where
Iy e[l Iy] and Zy€[Z,,Zy]. Here, 'Z,' and 'Z,' represent the lower and upper bounds of the
neutrosophic variable 'Zy". The term 'l 'indicates the degree of indeterminacy in 'Zy ', taking values of 0
to 1. This formulation highlights that 'Zy ' is defined in an interval form, meaning any subsequent calculations

using 'Zy ' will yield an interval value rather than a single-point result.

Let Uy be a neutrosophic finite population with Ny units Uy, Uy Usy, e eeesoew oo Uny. This finite
population's units are identifiable because each one has a unique label between 1 and N, and each unit's label

is known.

Letyy € [yL yul and, xy € [x1, Xul, Zn € [z, Zy] represents the study variate and auxiliary variates respectively

with values y;y and (Xin, ziy ) on the unit Uyy (4 = 1, 2, ..., N). Where xy and yy have a positive correlation
N
and zy and yy have a negative correlation. We want to estimate the finite population mean Yn = —ZYN
N i=l

assuming that the population means of auxiliary variables Xn and Znare known. Assume that a simple

random sample of size ny is drawn without replacement from Uy.

The parameters for the population and sample are given as

N

siN = (N 1 5 Z(Ym -Y,)’ is the population mean square of the neutrosophic study variable YN .
N i=1
1 < =
= N.D > (X —Xy)* is the population mean square of the neutrosophic auxiliary variable Xy .
N i=1
N
S = ﬁz(ZiN_ZN)Z is the population mean square of the neutrosophic auxiliary variable Zy.
N i=1

N
Sn = ~ ! I)Z(Xm -X (Y, -Y,) is the population covariance of the neutrosophic study and auxiliary
N i=1

variable Yy and X.

N
Sox = (N—IDZ(YIN ~ Y\ )(Zy—Zxn) is the population covariance of the neutrosophic study and auxiliary
N i=1

variable Yy and Zy.

N
Sx = N ! D D (Xiy—Xn)(Zy—Zx) is the population covariance of the neutrosophic auxiliary variables Xy
N i=1

and Zy.
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SN 1) Z:(y]N yy)? is the sample mean square of the neutrosophic study variable yy .
Sin = ! Z(XlN —xn)? is the sample mean square of the neutrosophic auxiliary variable Xy

(nN 1) i=1
From the above parameters defined a number of existing estimators as given bellow:

The conventional sample mean estimator has been introduced in neutrosophic framework as
ton = Yn» Where, toy €[to,toy ] 6))
The vatiance of the estimator (tyy) up to the first order approximation is given by
=2
V(tON) =Y ’YNciN' (2)

In neutrosophic framework, the conventional ratio estimators (tpy) for the population mean (Y) is defined

as

ton = (ZNJXN where, tay €[tpr. o] 3)
N

Bias and the Mean Square Errors (MSEs) of estimator (tgy) are given by
Bias(tpy) = §N’YN |:CiN - pnyCyNCxN } “
—2
MSE(tgy) = Ynyy [CiN + CiN - 2pnyCyNCxN]- )

Motivated by Murthy [2] Product estimators (tpy) in neutrosophic framework as

Yy
toy = (ZN jz N e[tPNL, tonu ] 6)
N

Bias and the MSEs of the estimator (t,y) are given by

Bias(t,y) = YNYprzNCyNCZN > )
=2
MSE(ty) = Ynyy [ Cly +Cl +2p,nCCox - ®)
where, y, = ZXIN , XN :—ZyiN and zn = LZ:ziN are the sample means of neutrosophic variables
Ny i N =l N =l

Yn, Xy and Zy respectively.

1 n . ) .
Here, vy = . 1-fy), 7vye [yNL’yNU ] , fy= N—N , fye [fNL!fNU ] is known as sampling fraction.
N N

Cn e [CyNL,CyNU] and Cy, C € [CxNL,CxNU]are the population coefficient of variations of neutrosophic

study variable Yy e[ NL» NU] and neutrosophic auxiliary variables X € [XNL,XNU] . Coefficient of variation

S S S
are defined as, C = X C ==X and C, =22,
N XN Zx
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py is the correlation coefficient between Xy and Yy . Where S €SS ]and Sy € [SyNL,SyNU] are the

standard deviation of auxiliary variable and study variable respectively. S_ € [SnyL,SnyU] is the population
covariance of the study and auxiliary variable Yy and Xy.

Other parameter is defined as follows in case of neutrosophic population.

Pyn € [pnyapny] > Py € |:pyzL’pyzU:| and p, e[pszapsz]'

Let us define sampling errors for both mean and variance of neutrosophic study and auxiliary variables as

Yy — Y Xy — Xn (zx — Zx)
§—’elN=—’ WINT T =
N

€ —
N Xx 7
§/N :§N(1+60N), ;N Z)_(N(I+CIN), EN =ZN(1+CZN),
E(eON) = E(eIN) = E(eZN) = 0 > E(eéN) = ’YNciN > E(el2N) = YNCiN > E(egN) = chiN '
2.1| Adapted Existing Estimator

Motivated by [29], we enhanced the ratio and product estimation methods and proposed the 'ratio-cum-

product estimator (tzpy) for estimating the finite population mean in neutrosophic study as given

- (Xn )z
tren = Yn [__Nj(__N] , where, trpy € [trpr, trpu ] ©)

XN VAN
Bias(tgpy) = ?N’YN [CiN - pnyCyNCxN - pyzNCyNCzN FPANCaln |- (10)
—2
MSE(tgpy) = Ynvy [Ciw + CiN + C:N - 2pnyCyNCxN + 2pyzNCyNCzN =2p NCCu |- ayn

Follows the study [30], we have introduced various ratio-cum-product estimators for estimating the finite
population mean of study variable (Y~ ) under neutrosophic framework. The estimator (tzgy) represents the

ratio-cum-ratio estimator given as

b = s [i—f—](f—]wh S 12
Bias and the MSE of the estimator tggy are defined as
Bias(tre) = YnYx [ Cn + Civ =P CnCon = PyaCnCon +PnCoCx |- (13)
MSE(ty) = YaTy [ Coe+Co + C = 20,0 CnCony = 20,0 CnCony + 20,0 CaCox | (14)

Moreovert, we have introduced the product cum product estimator (tppy) given as,

- xx ) 2n
topn = Yn ()—(_NJ[ZJ » toen € [tpprstepy] - (15)

Bias and MSE of the estimator (tppy) are defined as
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Bias(tPPN) = ?NYN I:pnyCyNCxN + pyzNCyNCzN + pszCxNCZN :| (16)

—2
MSE(tppy) = YNYy [Cle + CiN + CiN + 2pnyCyNCxN + 2pﬂNCyNCzN +2p NCnCx :l a17)

3| Proposed Almost Unbiased Estimator—I

_ - (X 7 - ;N ZN .
Let, tyn =¥ns» tin = ¥n (_—N](_—NJ and ty =Yy [——][——] are the three estimators.

XN ZN N N
Such that ty, ty and t,y € L, where L is the set of all possible estimators for estimating the finite
population mean.
By definition, the Lis a linear variety [31], [32] if,

2

tiw = 2 Ointin € Ly Ly €[ty g . (8)
i=0
- - )_(N ZN - ;N 2N
Gy SO0 YN TONYN | = || = [T0nYn| = || = | (19)
XN ZN XN ZN
2
For D a, =1, G €R. (20)
i=0

In this context, 0y (1=0,1,2) stands for statistical constants, and R denotes the collection of real numbers.

Table 1. Members of the proposed family of estimators (thN ).

> . o o, Estimators

1 0 0 o
Yy

0 1 0 - -
- | Xu Zn
yN _ —_

XN ZN

0 0 1 Y

XN ZN
yN el el
Xn )\ Zn

To determine the bias and Mean Squared Error (MSE) of the estimator (t,y), we express estimator (t,y) in

terms of the error component as follows:

ti = Y (1 Sy )| gy +ay (10 ) (1400 ) o (T e ) (14 e5y) | 1)

Expanding the right-hand side of the Fg. (27) and keeping terms up to the second order of €y's, we obtain

— |1+ Con T (azN — Oy )elN + (a2N — Oy )eONelN + (azN — Oy )e2N

o =Y e 22)
+(a2N - alN )eONGZN + (O‘ZN + a‘lN )elNeZN + alN (elN + eZN )

By subtracting Y and then taking the expectation on both sides, we obtain the bias of the estimator (t,)

up to the first-order approximation as

Oy (CiN + CiN ) + HprxNCyN Con

Bias(t,y) = \_{'NyN ,
+HprzNCyNCZN + (alN + a2N )pszCxNCZN

(23)

where
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Hy = (0,5 —oyy)- (24)

From Egq. (22), we have
(tw =Y ) =[eqn +Hyep +Hyery ] (25)

Squaring both sides of the Eg. (25) and then taking the expectation, we obtain the MSE of the estimator (t,y)

up to the first-order approximation as

2 2 2 2 2
CyN +H{C +HLC\ +

. (26)
2HprxN(:yN(:xN + 2HprZNCyNCZN + 2H]2\IpszCXNCZN :|

MSE(thN)=?§vN[

Which is minimum when

H - _ pnyCyNCxN + pyzNCyNCZN
: CiN + CEN + 2pXZNCXNCZN .

@7)

After substituting Hy in the Eg. (26), we find the minimum MSE of the estimator (t,y) as

2 2 2 2 2
CyN +H{C +HYC +

. (28)
2HprxN(ij(:xN + 2HprZNCyNCZN + 2H72\IpszCxNCZN:|

Min.MSE(t,) = Yx7, {

From Egq. (24) and Eg. (27), We have

~(PynCnCon PN CNCN)
O,y —0,)=Hy=—>"— 2 2 =2
( w lN) : (CiN +C§N + 2'prNCxNCZN) (29)

Since we have only two equations for three unknowns, it is not possible to uniquely determine Oy 's

(i=0,1,2). To find the values of @, 's we introduce a linear restriction as

2
Z a'iNB(tiN )=0, (30)
i0
0o B(toy) + oy Bty ) + o, B(t,) =0, (31)

where, B(t,) denotes the bias of the i estimator.
The Egq. (20), Eq. (29) and Eq. (37) can be expressed in matrix form as

1 1 1 Oon 1
0 -1 1 a,n |=|Hy |- 32)
0 B(ty) B(ty) || o,y 0

From the system of Eq. (32), we get the unique values of the 0, 's as
— B(th) + B(tZN) + HNB(tZN) — HNB(th)
B(t,\ ) +B(tyy)

O =— HNB(tZN) (34)
N Bty +B(ty) )

(33)

Oox
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B(th) + B(tZN)

Such that

(Lﬂ)] (35)

Oy 0y + 0,y =1 (36)
Use of these . 's (i=0,1,2) remove the bias up to terms of order O(n™).

4| Proposed Almost Unbiased Estimator-II

In this section, we introduce another almost unbiased estimator (t,,y) for the finite population mean, utilizing
two auxiliary variables under neutrosophic framework. For this purpose, we consider three estimators, My,

m,,, and m,y,, which are defined as

myy =toy = glN’ (37)
Bias and the variance of the estimator (Mg, ) is defined as

Bias(m,,,) =0. (38)
Var(m,) = Yay, C. 39

Inspired by [33], the ratio-cum-product estimator within neutrosophic structure, the estimator (typy) is given

as

- (Xx ) z
mlN:tRPN:yN[;Nj(ZN j (40)
N N

The bias and MSE for the ratio-cum-product estimator (m,;y) are given by
Bias(m,y ) = ?N’YN I:C)ch - pnyCyNCxN - pyzNCyNCZN P NCCon |- (41)
-2
MSE(m,y) =Ynyy [Cer + CiN + CiN - 2pnyCyNCxN + 2pyzNCyNCzN 2P NCnCo |- 42)

Following the paper [10], the neutrosophic exponential ratio-cum-product-type estimator tgpy = M,y has

been introduced as

- Xn —X Nn-7Z
M, =Yy exp| == [exp| == | (43)
XN+ XN ZN + 7N

The expressions for bias and MSE of the estimator (m,) ate provided as

. = 3 1 1 1 1
Bias(m,,) =Ynyy |:§ * CiN - Z * CjN - ZpnyCyNCxN + EpyzNCyNCZN - ZPXZNCXNCZN j| (44)

1 1
_, CiN + ZCiN + ZciN - zpnyCyNCxN
MSE(m,,) =Y ~yy 1 (45)
+2pyzNCyNCzN - przNCxNCzN
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- - iN EN - iN _)_(N ZN _ZN .
Let myy =y, my=yy| =1 =1 and m,, =y, exp| == |exp| =——=— | are the three estimators
XN N XN+ XN Zn + 72N

expressed. The estimator (t,,) has been introduced by integrating these estimators.

Where, my, m, and m,y € L(L L;) are elements of L, which represents the set of all possible

estimators for the finite population mean.

By definition, the Lis a linear variety [31], [32] if,

2
t, =24 m,  €LL,Ly), (46)
=0
- - (X )z - Xx — X n—7
ton =lonYn Hlin Y = Lxynexp s ——_ eXp _—— ) “47)
XN 7N XN+ XN ZN + ZN
2
For I, =1, 1, €R, (48)
i=0

where Ly (i=0,1,2) represents statistical constants, and R denotes the set of real numbers.

Table 2. Members of the proposed family of estimators (t,,) .

1 1, 1, Estimators

1 0 0 -
Yy
0 1 0 = -
— | Xu Zn
yN —ad bl
XN Zw
0 0 1 - ;N —;(N ;N _EN
Y, eXp| == |exp| ==
Xy + Xy Zn +2Zn

To determine the bias and MSE of the estimator (t,,y) , we express (t,,y) in error terms as

Lon + Ly (1+ ey )71 (I+e,4)+

t =Yn(l+e .
e N( ON) L,y exp(—elN (2+elN )71)exp(e2N (2+62N )71)

(49)

Expanding the right-hand side of the Eg. (49) and keeping terms up to the second power of €y ’s, we get

N N N
1"'601\1_(0‘11\1"' > jem"'(am"' > Cn —| Nt > ConCin

tun = Y~
Oy 1 3 2 1 2
+ oyt > ConCon —| Win +ZG2N CinCon T| Oy +§“2N Cin _ZU“ZNeZN

(50)

Subtracting Yy and then taking the expectation on both sides, we obtain the bias of the estimator (t,;y) up
to the first-order approximation as
_ H, Cy +HixPyn Cp G +
Bias(t,;y) =Ynvy| 1 1 1 ’ (51)
Zl2przNCxNCzN - HlenyCyNCxN —HypnCaCx _§12NCiN - ZIZNCEN

or
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1
[HIN - glzN jCiN + HleyzNCyNCzN +

Bias(t, ) = ?wyN | 1 ) (52)
(leN —-Hy jpszCxNCzN - HlenyCyNCXN - ZIZNCEN
where,
1
HIN = (11N+512N)' (53)
From Egq. (50), we have
(tth - YN) = [eON +H,ye,n —Hpen ] (54)

Squating both sides of Eg. (54) and then taking the expectation, we obtain the MSE of the estimator (t;;y)

up to the first-order approximation as

— | C +HCL + HLCo = 2H, p i CnC,
MSE(t, )= Yf\TYN w T HN e T iy N2 INPy N | (55)
+2H1przNCyNCzN —2H P nCaCx
Which is minimum when
CaCw —PonCnC
H, :(py;(N yN2 N TPy CN N ] (56)
CxN + CZN - 2pszCxNCZN
Substituting this value into the Eq. (55), we obtain the minimum MSE of the estimator (t,y) as
— C +H,C +HC2 —2H,pnCnC,
MinMSE(t,,\) = Y?WN IR e PN, (57)
2
+2H1przNCyNCZN = 2H{ P nCnCx
Based on the Eg. (53) and Egq. (56), we have
CaCi —PaCnC
Hx :(11N+112N) :[py;N YNz Do ZNJ' (58)
2 CXN + CZN - 2pXZNCXNCZN

Since we have only two equations for three unknowns, it is not possible to uniquely determine ly's (1=0,1,2)

. To find the values of l|'s, we introduce a linear restriction as

2
2 InB(my) =0, (59)
i=0
1 B(mgy) + 1, B(m,y) + 1, B(m, ) =0, (60)

where B(m,) denotes the bias of the ih estimator.

The Eq. 48), Eq. (58) and Egq. (60) can be expressed in matrix form as

0 1 5 Ly [=] Hi |- (61)
Ly 0

0 B(my) B(m,y)

Solving the system of Eg. (61), we get the unique values of 1's as
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1
B(m,y) - 5 B(m,) —H, B(m,) + H, B(m,y)

Iy = i . (62)
B(m,) = B(m,y)

I = HINB(llnzN) ' )
B(m,) - EB(mIN)

L= —HINBgmlN) ' o
B(m,) =2 Blmyy)

Such that
lon Ly + Ly =1 (62)

Use of these 1's (=0,1,2) remove the bias up to terms of order O(n™").
5| Empirical Study

In this study, we have considered the dataset from [34], where the neutrosophic study wvariable (Yy)
corresponds to rice yield, and the neutrosophic auxiliary variables consist of rain sowing (Xy) and rain
ripening (X, ) respectively. The dataset is used to analyze the performance of different estimators concerning

the neutrosophic study vatiable yy €[y, Y]

Table 3. Descriptive statistics of the given parameter for population 1.

Population 1

N, =099 C,, =10.5664,0.1192]
n, =44 C,, =10.9258,0.7679]
£ = 138889, 0.138889) C,, = [0.7927,0.8014]

;N =[3.92222, 18.4333]
Xy =[11.58889, 35.65556]
Zy = [40.58889, 93.73333]

o, = [0.530908, -0.47399]
e

= [-0.05753, -0.66775]

YZN

0, = [0.428153,0.73633]

Population 2

In this study, data from Aslam [34] has been considered, where the neutrosophic study variable (Yy)
corresponds to rice yield, and the two neutrosophic auxiliary variables are temperature ripening (X,y) and
rain ripening (X,y ). This data is used to analyze the efficiency of vatious estimators for the neutrosophic

study variable Yy €Yy, Ynul-
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Table 4. Descriptive statistics of the given parameter for population 2.

Population 2

N, =1[9,9] C,. =[0.5664,0.1192]
n, =[44] C,, = [0.0448,0.0511]
£ = [0.138889, 0.138889 -

l I C,, =[0.7927,0.8014]

Yo = [3.92222, 18.4333]
Xu = [24.4,36.6222]
Zy = [40.5889, 93.73333]

O, = [-0.2086,0.2412]
0, = [-0.0575,-0.6677]
o, = [-0.7674, -0.7445]

Table 5. MSEs and PREs value of existing and proposed estimators for population 1.

Estimator MSE ];q PRE

t [0.6855, 0.6705] [0,0.0218]  [100, 100]
N

t, [1.32711, 32.5937] [0, 0.9593] [51.6495, 2.0573]
N

£ [3.7064, 24.4037] [0,0.8481] [18.4930, 2.7477]

PN

tR [4.1228, 111.6928] [0, 0.9631]  [16.6258, 0.6003]
RN

t, [6.2814, 91.4614] [0,0.9313] [10.9125, 0.7331]
PN

t, [1.2160, 14.1130] [0,0.9138] [56.3400, 4.7513]
PN

MinMsEg ) [06210,04170]  [0,03284] [110.3826,160.7924]
N

MiMSE(, ) [04547,06102]  [0,02548] [150.7426, 109.8850]
N

Table 6. MSEs and PREs value of existing and proposed estimators for population 2.

Estimator MSE I PRE

t, [0.6855, 0.6705] [0, 0.0217] [100, 100]

t [0.7124, 0.6551] [0, 0.0804] [96.2228, 104.6318]
t, [1.9177,249594] |0, 0.9232] [35.7428, 2.7462]
t [2.0488, 34.1067] [0, 0.9399] [33.4558, 2.0097]
t [1.7829, 22.3436] [0, 0.9202] [38.4449, 3.0677]
£ [2.0611, 27.8216] [0, 0.0.9259]  [33.2566, 2.4637]

MiMsE(, ) (0681903567 [0,04769]  [1005266, 192.1688]
MinMSE(, ) [0:6820,02979] [0,05632]  [1005020, 2300752

Table 7. Scalar values shown in this table for this it reduces

the bias of the proposed estimator (t,y).

Scalars Population 1 Population 2
[1.0336, 0.9721]  [0.9389, 0.8600

O(ON

o, 0.0429, -0.0111]

|
0.0035, 0.0166]
|

2N

[ [
o [-0.0766,0.0390]  [0.0575, 0.1234
H, =(a, -a,) [0119500501] [0.0540,01067

N 2N
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Table 8. Scalar values shown in this table for this it reduces

the bias of the proposed estimator (t,,y) .

Scalars Population 1 Population 2
]0 [0.2801, 0.9098] [0.9692, 0.9164]
N
]1 [-0.0099, 0.0351]  [0.0292, 0.1013]
N
]2 [0.7298, 0.0552] [0.0016, -0.0177]
N
[0.3550, 0.0627] [0.0300, 0.0924]

o

6 | Results and Discussion

The Table 5 presents a neutrosophic evaluation of vatious estimators, incorporating MSE, indeterminacy (I
), and Percentage Relative Efficiency (PRE) as interval-valued metrics to account for uncertainty and
variability. The estimators (t,) and (t,y) emerge as the top petformers, exhibiting low value of MSE ranges

[0.4547, 0.6102] and [0.6210, 0.4170], respectively, along with high accuracy. Their high PRE ranges
[150.7426, 109.8850] and [110.3826, 160.7924] further emphasize their strong efficiency. Additionally, their
moderate indeterminacy ranges [0, 0.2548] and [0, 0.3284] suggest that they remain reliable even under
uncertainty, making the better choices for precision-driven applications.

In a similar way, Table 6 shows that estimators (t,y) and (t,) perform the best, with PRE values [100.5266,

192.16188] and [100.5020, 230.0732], it defines about efficiency of the estimators. Their indeterminacy (Iy)
values are [0, 0.4769] and [0, 0.5632] suggest that they stay reliable even in uncertain scenarios. The Table 7
presents the scalars values used in estimators by which it makes linear restriction of the estimators t,y . This
value reduces the bias of the proposed estimators. Similarly, the Table § also mention about the constant
neutrosophic values in case of proposed estimators (t,,) make this estimator linear and applying these values

reduces the bias of the proposed estimator.
7| Conclusion

This paper presents an almost unbiased estimator using two auxiliary variables for estimating finite population
mean under neutrosophic framework. In this study, we have found that estimator (t,,,) and (t,y) are most

efficient estimator comparison than all other existing estimator with low MSE and high PRE values. Using
first order of approximation, we have derived Bias and MSE term for the proposed estimators. We have also
mentioned the scalars values for both the estimators. It makes the estimator linear and reduces their bias.

For the practical application, we have used agricultural data set. We have found that the neutrosophic
estimators is better than classical estimators when data shows indeterminacy. Hence in this case, the proposed

neutrosophic estimators are better for the indeterminate data set.
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