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Abstract

This work aims to introduce the concept of the second-order Weak Fuzzy Complex-Differential Equations (WFC-
DEs) for the first time. A special isomorphic transformation function could write a WFC-DE as two related
Differential Equations (DEs) of the second order concerning their real variables. We study the second-order
constant-coefficient linear homogeneous DE in a Weak Fuzzy Complex (WFC) variable with WFC constant
coefficients. Also, we study the simple form of this type of WFC-DE with real constant coefficients. Thus, to find
the general solution, we use the characteristic equation of the second-order DE. Also, we get a particular solution for
the second-order constant-coefficient linear homogeneous Weak Fuzzy Complex-Initial Value Problem (WEFC-IVP).

To enhance understanding, we provide illustrative examples for each problem discussed.

Keywords: Weak fuzzy complex numbers, Quadratic weak fuzzy complex equation, Weak fuzzy complex
functions, Weak fuzzy complex differential equation, Initial value problem.

1| Introduction

Throughout history, the expansion of number sets has frequently arisen from the necessity to address
particular mathematical challenges. Scholars have shown considerable interest in extending the set of real
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numbers R, with these newly formulated sets being characterized as two-dimensional generalizations of the
real number system such as:

Complex numbers: {u + vi; u,v € R; i* = —1}, dual numbers: {u + vi; u,v € R; i = 0}, Neutrosophic

numbers: {u + vi; u,v € R; i? = i}, and split-complex numbers: {u + vi; u,v € R; i* = 1}.

Fuzzy numbers emerged as an extension of fuzzy set theory, which Lotfi Zadeh [1], [2] introduced in 1965.
Fuzzy numbers represent uncertain numerical values, while traditional real numbers have a precise value.
Nowadays, the theory of fuzzy sets has found applications across diverse domains, including artificial
intelligence, biology, control systems, decision-making [3], [4], internet [5], information technology [4], electric
vehicle 6], economics-industry [7], [8], and portfolio investment [9].

In 2023, the WFC set F; = {u + vJ; u,v €R; J?2 =t €]0, 1[} was defined in [10] as a new generalization of
classical real numbers set R with fuzzy operators ] € R. Also, they solved linear and quadratic WFC equations
[10]. Later, they introduced the WEFC vector space [11], the inner products defined over it [12]. Then, Alhasan
et al. [13] studied the algebraic properties of WFC matrices and linear systems by applying these matrices.

Furthermore, the linear [14] and the nonlinear [15], [16] Diophantine equation in two WFC variables was
studied with the concepts of the WFC and anti-WFC Pythagoras triples and Pythagoras quadruples. However,
in [17], main notions were introduced in number theory, like division, ordering, and units in the WFC integers
set. Alhasan et al. [18] showed that ‘A-Curves’ display the geometrical characterization of the solutions for
some vectorial equations defined by Euclidean norms where they described ‘A-Curves’ as circles and spheres
in the two and three-dimensional Euclidean spaces, respectively. Many semi-module isomorphisms are
demonstrated between the direct product of WFC numbers with itself and the direct product of classical
Euclidean vector spaces multiplied by itself. Also, in [19], those isomorphisms are classified as ‘A-Curves’ and
related to the WFC ring.

However, WFC numbers and their primary arithmetic operations were programmed by Python [20]. In
addition, a special isomorphism transformation function was created in [21] to help move between the WEFC
set and the real number set. They defined WFC functions, too. After that, Edduweh et al. [22] presented some
types of first-order first-degree separable, exact, and linear Weak Fuzzy Complex-Differential Equations
(WFC-DEs). In [23], the novel topological space generated by WFC intervals is based on WFC numbers'
partially ordered ring structure. Also, it showed the relationship between the WFC intervals and neutrosophic
intervals.

Numerous physical phenomena are represented through functions and their derivatives. The first derivative,
for instance, signifies the slope or velocity, while the second derivative conveys curvature or acceleration.
DEs play a crucial role in various aspects of contemporary life, finding applications in different fields such as

biology, medicine, control systems [24], transportation, meteorology [25], telecommunications, and financial
modeling [20].

That leads us to pursue an essential area of inquiry that remains underexplored about the DEs in F; WFC-
DEs. Our paper will introduce the second-order WFC-DEs. In Section 2, we will mention some main
concepts about WFC numbers, a special isomorphism transformation function, the quadratic WFC equation,
WFC functions, and Weak Fuzzy Complex-Ordinary Differential Equations (WFC-ODE'g).

In Section 3, we will define the second-order ordinary DEs, introducing the type of linear homogeneous
equation with constant coefficients from Fj. Also, we will take the simple case of them with real constant
coefficients. We will find the roots of their characteristic equation and construct their general solution with
suitable examples. Then, we will give the notion of Weak Fuzzy Complex-Initial Value Problems (WFC-IVPs)
of the related second-order DEs in Section 4 and find their particular solutions.



3 Razouk et al. | Uncert. Disc. Appl. 2(1) (2025) 1-16

2| Preliminaries

This section presents important definitions to explain key elements within our analytical framework [10], [13],

[21], [22].

Definition 1. The set of WFC numbers was defined as follows:

Fj = {Xo+x1J; X0,%1 €ER,J*=t€]0,1[},

where I’ is the WEFC operator (] € R).

Definition 2. Let ¢ be the transformation function from Fj to R X R, which we define as follows:

(p:F]HR X R,

pxo+x,)) = (xo + X1 (—\/E),xo + x1(+\/f)) = (xo —x1Vt, xo + xl‘/z):
where J2 =t €]0,1[= ] = £v/t, and X¢, X1, Y0, y1 € R (This map is an isomorphism).
Definition 3. Let @: F; » R X R such that ¢(X) = (a,b), the inverse function of ¢ is defined as follows:

¢ LR x R F,

1 1
¢ 1(a,b) = E[a+b] +2—\/E][b—a].

Definition 4. Let X = xq + X, ], Y =y, + y;1 J€ F}, we say that X <Y, if and only if:

{Xo—Xﬂ/ESYo—Ym/t_»
X0+X1\/ESYO+Y1\/E.

Definition 5. Let A = a, + a; ], B = by + b, J€ F, we define the interval [A, B] if and only if A < B, according
to the definition of the partial order relation (<).

L. IfA £ B, then [A, B] = ¢.
II. We can understand [A B] as follows:
[ABl={C=cy+c;] € F; ASC<BY}.

Theorem 1. Let aX? + bX + ¢ = 0 be a quadratic WFC equation, wherea =a, +a;J,b=by + b, Jand c =
Co + ¢1 ] € Fy, then it is equivalent to:

AoXo? +ByXo + Co =0,
AX; 2 +BX; +C, =0,

a= (p_l(Ao,Al) = (p_l(ao —dq \/E,ao +al \/E),AO = ao _al\/E € R,Al = aO +
ag VtER,

B = (p_l(Bo,Bl) = (p_l(bo _bl \/E,bo +b1 \/E), BO = bO _bl ‘\/E € R, B1 = bo +
b; VtER,

C= (P_l(C(),Cl) = (p_l(CO —C1 \/E,CO + Cq \/E), CO =Co — Cl\/EE R,Cl =Cy +
c; VEER

Definition 6. Let f: F; » F; be a WFC function in one variable, where
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@O(f(X)) = (f1(xo — x4 V), f,( X + x1V1)); f1, f: R > R.

Then we say:
I. fis continuous on Fj if and only if f; and f, are continuous on R.
II. fis differentiable on Fj if and only if f; and f, are differentiable on R, concerning their variables.
III. fis integrable on Fj if only f1 and f, are integrable on R.
Definition 7. Let f: Fy » Fj be a differentiable/integrable function on Fj. We define
L f(X) =@ 1 (F1(xo — x4 VE), F2( X0 + x1V1)).
1L [f(X).dX = @ *(J f1.d(xo — X, VO), [ £.d(Xo + x,V1)).

Definition 8. Let Y be a dependent variable, and Y = f(X) represents an unknown WFC function where the
independent variable X = Xy + x, ] is a WFC variable. We define the WFC DE of n-th order (the highest
derivative appearing in the DE) as the following:

FXY,Y,Y",...,YW) =0, (€]

any _ _
where Y(n)=m, Y=yo+yJ =0 (yo—y1 Vtyo + 11 \/E)=f(X)=(p 1(fy (%o — X1 V), F2 (%0 +

x;Vt))and f;,f,: R~ R.

Definition 9. A function Y = f(X) = @~ *(f;(xo — X1 Vt),f,(Xo + X;Vt)) is called the general solution of Eg.
(1) on 1< Fyif Y is n-times differentiable WFC function on I and satisfies the equation on I, where f;, f,:R =
R,I: (.p_l(ll Xlz) c F] ﬁndx:(.p_l(XO_Xl\/E,Xo‘i'Xl\/E),XO_Xl\/EE Il c R,X0+X1\/EE 12 c R.

We aim to study the second-order DEs that play a pivotal role in modeling systems where the relationship
between acceleration and displacement is crucial, such as in mechanics and wave propagation.

3 | Second-Order Ordinary Differential Equations in F

We will now propose the definition of the Second-order WFC-DEs. Throughout the discussion, X =
O (X~ X VEXg+ X, VD) EF), Xg— X%, VEEL € R, X+ X, VEELL SR, =@ *(I; XI,) € F, Yo =y, —
ViVEERY =y, +y  VEERY = @' (Y,, Y;) € Fy.

Definition 10. The WFC-DE of the second order is written as follows:

FXY,Y,Y") =0, 2

¢ (Fi(xo —x1Vtyo —y1VEy' =y, VEy" = y" V) = 0, B-1

@ ! ! n 14 (3)
Fa(Xo + X1Vt yo + y1vty'y +y' (Vty" +y" V) =0, (3-2)

where F = @7 (F,, F,), Yo_Y1\/E=f1(X0_X1\/E),Y0+Y1\/E=fz(Xo+X1\/E)-
! d A - VA
Y == F(X) = @7 (1 (%o — %y VE), 2 (%0 +x,VD)),

g o Y

> ') = (P_I(fnl(xo — % VE), 5 (%o + Xﬂﬁ)),

1m0 e ). e e )
an dx ® d(xo—-x1 VO ' d(xo+x4 v/’ dX2 ¢ d(xg—x1 VE)2 d(xg+x, VE)2/"

Definition 11. Let Y, =y, —y; Vt = f;(Xo — x; VE) and Y; =y, + y; Vt = (X0 + X; Vt) are the general
solutions to Eg. (3-1) on I; and Eg. (3-2) on I, respectively, then

Y =f(X) = o7 (Yo, Y1),

is the general solution of Eg. (2)on1 € Fj.
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In other words, Y = f(X) is the general solution of Eg. (2) on I € Fy if f(X)is a twice differentiable WEFC
function on I.

One of the simplest types of second-order ordinary DEs is the linear homogeneous equation with constant

coefficients. We will concentrate on this type, which has many applications in science and engineering.

3.1| Second-Order WFC Constant-Coefficient Linear Homogeneous Weak Fuzzy
Complex Ordinary Differential Equation

Definition 12. The general form of a second-order linear homogeneous WEFC ordinary DE with constant
coefficients is written as

aY" +bY' +cY=0, “)
where a,b,c,Y,a=ag+a;],b=by+b;Jandc=cy+c,;] € Fj.

Remark 1. Using ¢, we find that Eq. (4) is equivalent to two second-order linear homogeneous ordinary DEs
with constant coefficients in R

A0Y0” + B()YO, + C()YO = 0, (5 - 1)

o)
. 5
Ea ()< {AlYl” +ByY, +CyY, =0, (5 —2) ®)

where,

a=apg+a;]=¢ 1(ApA;),b=by+b;] =@ 1(By,B)andc=cy+c;] =
@ (Co, Cy) EF,

Ay=ap—a; VtER A, =ag+a; VtER, )
By =by—b; VtER B; =by+b; VtER,

Co=co—c;VtER C; =co+cyVtER

We will use the characteristic equation to solve Eg. (4).

Definition 13. The characteristic equation of the constant-coefficient second-order linear homogeneous
WFC-DE Eg. (4) is defined as the quadratic WFC equation.

am®*+bm+c=0, abc€eF, 6)
which holds the following,
It is equivalent to the corresponding characteristic equations

{AO?\Z +BoA+ Cy =0, (its discriminant A;> 0), (7-1) @

A2 +Bu+C =0, (its discriminant A, > 0). (7-2)
It has 4 roots when its discriminant A= b? — 4ac:
L= "1 L =@ Qg 12). I3 = 7 0, 1), 1y = @7 (A, ).
Proof:

Depending on Remark 1 and Theorens 1, we know that the characteristic equations of second-order DEs Eg.
(5-1), Eq. (5-2) have the forms Eq. (7-1), Egq. (7-2), respectively,

{onz + Box + CO = O,
Aqp® +Bip+Cy =0,
@~ (ApA* + Bod + Co, Agp® + By + Cp) = ¢~ 1(0,0)
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= @ H(AA% Ap®) + @ (BoA, Byp) + 971(Cop, C1) = 971(0,0)
= (p_l(AO!Al)(p_l()\zi IJ-Z) + (P_l(Bo; Bl)(\o_l(}\; IJ-) + (P_l(COICI) = (P_l(O:O)
= am?+bm+c=0,

where,

m=¢ (A, p),ab,ce F,

a=¢@ 1(ApA) = ¢ Hap—a;Vtap+a;Vt),Ag =ap —a; VtER A; = ap +
a; VteR,

b= (By,By) = @ (bo — by Vi by + by VE),By = b — by VEE R, By = by +
by VtER,

c=¢@ MCo,C) =97 (cp—¢4 \/E,Co +c \/E), Co=co—cy Vte R,C; =c¢o +

cVEtER

Each characteristic equation has its discriminant,
{onz +BoA+Cy =0, A= By% — 4A,C,,
e
Aluz +Bp+C =0, the discriminants ( A, = ]312 — 4A,C;.

We will study the case when A, A,> 0 = the corresponding solutions of the characteristic equations Eg. (7-
1), Eq. (7-2) are real and formed respectively as

A _BO_‘/A_lx _Botyh €R,

2A, TP 2A,
:_Bl_VAZ :_B1+—\[A2 ER
H 24, M2 2A, ’

= the solutions of the characteristic equations Eg. (6) [10].

L= )l = 07 0 1m2), 13 = @7 (A, 1), L = @71 (A, ).
Theorem 2. Let aY"” + bY' + cY = 0 is a second-order constant-coefficients linear homogeneous DE. And
its characteristic equation is am® + bm + ¢ = 0. Then, the general solution of the WFC-ODE has the form

Y = M; elX + Myel2X + MjelsX + M, elsX,
Proof:

we found that

aY'" +bY' +c¢
=0
" i _ 2 _ . . i
& {AOYOH + BOY(’, + CoYy =0, {AOA + ByA + Cy = 0 (its discriminant A,),
AY;"+BYy"+CY; =0, the " (A;u?+B;u+C; =0 (its discriminant A,).
characteristic
equations

AL A, ER,

Since Ay, A;> 0, the characteristic equations have the real different roots, {ll W, €R
1 M2 .

Those roots directly influence the behavior of the solutions of the second-order corresponding Ordinary
Differential Equations (ODEs) Eq. (5-1) and Egq. (5-2) |28],

Y, = He*1Xo 4 [e*2Xo

the gerlleral Y, = Get1X1 4 KeM2X1’
solutions

H,IL,G, and K are arbitrary constants.

Using ¢, we get the general solution of WFC-DE Eg. (4),
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Y =0 'Yy Y)) = @ L (HeMXo + [eh2Xo,  Get1X1 4 Kek2X1)

= %(Hehxo + letXo + GeM1X1 4 KeMzX1) + Zi\/{](Geulxl + KeM2X1 — Het1Xo — JehaXo),
We can write this structure as y;or y,,

y1 =5 ((HeMXo + GeliXr) 4 (Ieh¥o + Keka¥1)) + ﬁ]((c;eulxl — HeMXo) +

(Kellzx1 — [elzxo))

= (p_l(HeMXo’ Geulxl) + (p—l(lelzxo, KeM2X1)

= (p_l(]—[, G)(p—l(ehxo’ eH1X1) + (p_l(l, K)(p—l(elzxo' eH2X1)

= @ 1(H,G) e"X 4+ @ 1(1,K) el2¥,

or

Yo = %((Hexlxo + KeM2X1 ) + (Tet2%o + Ge”lxl)) + ziﬁ]((Gel11X1 — le*2%o) +
(KeH2X1 — He7\1xo))

= (p_l(HeMXo' Kel-lzx1) + (p—l(]exzxo, GeH1X1)

= (p_l(H, K)(p_l(e}\lxo’ eule) + (p_l(l' G)(p—l(elzxo’ eH1X1)

= @ 'K e + @71 (1,G) ek,

The linearity of equation Egq. (4) means that if we have two solutions y; and y,, then any linear combination
of y; and y, is also a solution of this equation, i.e.

Y(X) = p1y1(X) + p2y2(X)
= p1(@~'(H,G) X + @7 (LK) e'X) + p, (@7 (H,K) +* + 071 (1, G) e!+¥)

= M1 ellX + Mzelzx + M3e13X + M4el4x,

is a solution for any choice of constants py, p;, M; = p;@~*(H,G),M; = p;¢~ (1K), M3 = p,o~'(H,K),M, =
-1
P20~ (1, G).

Now, let’s verify that the solution Y(X) satisfies Eq. (4.
a(M; elX + M,el2X + MgelsX + M4el4x)” +b(M; erX + MyelsX + MzelsX +
M4el4X)’ + (M eliX + MyelsX + MgelsX + M el+X)
= [a(M1 eliX 4 Mzelzx)” +b(M, e"X + Mzelzx)’ + (M, elX + Mzelzx)]
+ [a(M3el3X + M4el4X)” + b(M3el3X + M4e'4x)’ + C(M3el3X + M4el4x)]
=pi[a( 1 (H,G) e"¥ + ¢71(LK) elzx)” +b( @7 1(H G) eliX +
¢ (LK) elzx)’ +c( @ 1(H, G) elX + @71(1,K) el2X)]

+pzla(@ ™ (H,K) e*X + ¢71(1,G) e14x)” +b(e ™ (H,K) el3* + ¢71(1,G) el4x)’ +
c(@ 1(H,K) e!sX + ¢71(1, G) e!+X)]

= pi[ay,” + by:" + cy;] + p2[ay,” + by, + cy;]
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= p; (0) + p2(0) (because y; and y, are solutions of Eg. (4))

=0,

wherem = @A ), L = @7 A, 1) I = @7 g 12), I3 = @7 (A, 1), L = @7 (A, 1) € Fy
a=ag+a; ] =9 (ApA) =0 ag—a;Vtag+a; V) Ay =a,—a; VtERA; =ag+a; VIER,
b=by+b; ] =9 1(By,By) =@ 1(by — by vVt by + by Vt),By =by —b; Vt € R, B; = by + b; VtER,
c=cot+¢c;]=¢@ CyC) =@ (co—ciVtco+c VB, Co=co—c; VEER Cy =cy + ¢, VEER.
Example 1. 3 +2]) Y’ +]Y — (15 + 42—5])Y = 0.

Its characteristic equation is

45
(3 +2))m? + Jm — (15 +7]) =0.

The two related DEs of the WFC-DE are [10].

(3—2\/E)Y6’—\/EY6—(15—42—5\/E>Y0=0 2Y5’—%Y5—175Y0=0,
(3 + 2VO)Y] + Vi Y] — (15 +42—5\/E>Y1 =0 ]zi(’;l 4y} +% Y] —%SYl =0,
4
222 — %?\ - 1:5 =0 (its discriminant A, = % > 0)
W 4y +%u = 1705 =0 (its discriminant A, = % > 0) ”
M=-2,4=2€R,
H1=—%'H2=2 ER

5 3
{YO = He #%0 + [e2*

the general iy Sx
; Y, = Ge™# " + Ke2""

solutions

H,1, G, K are arbitraty constants.

Thus
=00 = (52 =H - (Y =2t
=0 =0 () =1+ DG =20
=t o (5] 23D G =
= =t () =22 (-2 = -E-
Then, the general solution of WFC-DE
y =m, e(_z_gj)x + m,eX 4 mge(gﬂ_sj)x + m4e(_§_%)x

where  py,pz My = p1@ ' (H,G), M, = p@ '(LK), M3 = p,@ '(H,K),M; = p,@~'(1,G)  are  arbitrary

constants.

Now, we will study the simple form of this equation with a real constant.
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3.2| Second-Order Linear Homogeneous WFC-ODE with Real Constant
Coefficients

The real constant-coefficient second-order linear homogeneous WEFC-DE is adopted as

a¥Y’+bY' +cY=0, ab,c€eR

Its characteristic equation am? +bm + ¢ = 0, where its discriminant A=b* — 4ac and its roots are
13,15,13,14 € Fj.

Since the coefficients of the quadratic WEFC equation Eg. (6) are real a, b and ¢ € R, the second-order DEs
Eq. (5-1), Eq. (5-2) have the following characteristic equations Egq. (§-7), and Egq. (§-2):

{aYO" +bY, +cYy =0, aA2 +bA+c=0, B8-1)
— ]
aY1” + bYl’ + cY; = 0, the characteristic auz +bu+c=0. 8-2) ®)
equations

Eg. (8-1), and Egq. (8-2) have the discriminants A;= A,= A= b* — 4ac > 0.
Then, we will get the real roots of Eq. (8-1), and Egq. (8-2):

-b—vA —b+VA
M =p = 2a Ay =y = 22 !
and
_ _ —b+vVA
Ay = = 22 "
Example 2.
Y'—4Y' +3Y=0. )

The characteristic equation of WFC-DE Egq. (9) is

m? — 4m + 3 = 0. (10)

The two related DEs of Eg. (9) are

Y, — 4Y,' + 3Y, = 0, A2—41+3=0
{Yln — 4Y," + 3Y; = 0, the characteristic {uz —4u+3=0 A= 14;>0
equations

{)\1=3,}\2=1 ER,
|J-1:3'|J—2:1€R'

Y, = He3%o + JeXo,

The general Y, = Ge3*1 4 KeX1,
solutions

H,1, G K are arbitrary constants.

Then the roots of Eg. (10) are
L= 0um) =0 '33) =3B+ +;7]3-3) =3,
L= 0g ) =@ (LD = ; A+ D +57A-D =1,
=0 0w h) = ¢! 3D =B+ D +5A1 -3 =2-7]

- _ 1 1 1
L= 07 0pm) =07 3D =;(1+3) +5=)B - D =2+

Then, the general solution of Eg. (9)
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1 1
2——=DX 2+—=X
Y =M, e + MyeX + Myeo VO 4 M,e v,

where  py,p2, My = p1@ ' (H,G),M; = p1@~ (LK), M3 = p,@~'(H,K),My = p,@~'(I,G) are arbitrary
constants.

We know that arbitrary constants in any general solution of a DE are determined by specifying initial
conditions. For a second-order DE in Fj, we should have two WFC initial conditions to determine the two

arbitrary constants p; and p,, which are equivalent to four initial conditions in R.

4| Second-Order Constant-Coefficient Linear Homogeneous Weak
Fuzzy Complex Initial Value Problems

Definition 14. The second-order WFC-Initial Value Problem consists of finding the solution of a WFC-
ODE given two initial conditions.

{T(X,Y,Y,Y )=0, La<X<B, (11)

Y(a) =, Y'(a) = w, (the initial conditions)
where a fixed WFC value (o, v), (o, ) € Fj X Fj are given.

Using ¢ function for Eg. (17), we get

{(p_l(Tl(Xo’YO'YOI'Y(’)’)':FZ(XIJYllYl,' Ylu)) =0
(P_l(Yo(ao): Y1(0‘1)) = (P_l(Vo,Vl)»(P_l(Yol(ao):Yll(al)) = ¢~ H(wp, wy)
g:'l(XO'YO'YO"Y(S,) = 0,
Yo(ao) = VOJY(,)(OLO) = Wy,
{TZ(XllYll Ylli Y{,) = 0:

Y, (o) = V1,Y1’(a1) = Wq,

ap < Xo < By, (12) = itssolution is Yy(X,),

a; <X; <By, (13) = itssolutionis Y; (X4).

Therefore, the particular solution of the second-order WFC-IVP Eyg. (77)is a structure of the related solutions
of the second-order initial-value problems Eq. (72) and Eg. (13),

Y = 071 (Yo(Xo), a(X1)),

where

X= (P_l(Xo,Xl) € [O(, B] c F],XO = XO _Xl \/E € [ao, Bo] c R,Xl = XO +X1\/’E S
[ay,B1] ER

Y= ' (Yo, Y1), Yo =yo —v1Vt Y1 = yo +y1 V&,
a=@ (g, a1),B= 0" (Bo, 1),V =01 (vo,v1), ® = @™ (wo, wy).
We get the particular solution when we substitute the initial conditions in the general solution.

Definition 15. The constant-coefficient second-order linear homogeneous WFC initial value problem (WFC-
IVP) is formed as

aY’" +bY' +cY=0
’ <X<
b 2oyt = “SXSH )
a= @ (Ay A, Ag =ag—aVt Ay =ap +ant,
b = ¢~'(Bo, By), Bo = by — byt By = by + byt,
C= (P_l(C(),Cl), CO =Cop— Cl\/f, C1 = Cp + Cl\/E.

Remark 2. Using @, we find that Eq. (72) is equivalent to two initial value problems of the same type in R,



1 Razouk et al. | Uncert. Disc. Appl. 2(1) (2025) 1-16

{AOYOH +BoYo' + CoYo =0,
Yo (ag) = v, Yo' (atg) = wy, 13
A1Y] + BiY; + C1Y; =0, ®
B ’(al) . (Xl S Xl S Bly
Yi(oy) = vy, Y1 = Wy,

oy < Xo < Bo,
Eq.(12) >

Where pl' pz, Ml = pl(P_l(H, G), MZ = pl(p_l(l, K), M3 = pz(p_l(H, K), M4 = pz(p_l(l, G) are determined
constants.

Remark 3. Steps to get the particular solution of the second-order WFC-IVP Eg. (72):

1. Solving the second-order initial-value problems IVPs Eg. (73), we get the specific solutions.

2. Making a structure of the related particular solutions Yy and Y; of the first step.

- YX) = pi (@ H(H G) e"* + o7 1(I,K) 2X) + p, (¢~ (H,K) e + ¢71(1, G) e'4¥).

3
4. Substituting the initial conditions Y(a) = v, Y'(a) = w to have two WFC linear equations.
5. Solving the two WFC linear equations to get values of p;, p,.

6

. Substituting p; and p, in the structure of the second step.

In other words, to find the arbitrary constants p_1 [,p] _2, [ [M_1=p_1 ¢ ] ~(-1) H,G),M_2=p_1 ¢
D M) _3=p_2 ¢ (1) (HK),M_4=p_2 ¢ ~(-1) (ILG), we have to solve the six following equations:

Y 0(a_0)=v_0,Y 0™(a_0)=w_0 (which give the values of Hand I).
Y 1(a_1)=v_1Y 1'(e_1)=w_1 (which give the values of G and K).
Then

Y(a)=v,Y" (a)=w (which give the values of p_land p_2).

Example 3. Second-order linear Homogeneous WEFC-IVP with WFC Constant Coefficients.

45
B+2DY'+]Y -5+ 7])Y =0,
Y(0) =0, Y(0)=1+],
This Initial Value Problem (IVP) is equivalent to the two following I'VPs:

0<X<1+] (14)

( (3 - 2Vo)Yy —VeY) — (15—42—5\/E)Y0 =0,
Yo(0) = 0,Y,® =1 -k,
(3+2\/E)Y1”+\/EY1’—<15+42—5\/7£)Y1 =0,
LLY;(0) =0,Y/(0) = 1+ +k,

, 1. 15
o~ Yo

for = 1(0) _ 1
1 YO(O) - OI Y() - Er

24
=t==
J 4

0<Xo<1-—+t
Eq. (14) >/

0<X; <1+t

YOZO,
0<X, <

N| —

(15)
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((.o., 1, 105
4Y1 +E Yl_TYl :0; 3
e < < -
for1 Y. (0 _OY'(O)—?’ 0_X1—2,
]2=t=Z 1( ) - Y11 - E)
5 3 5 5 3 3
Y, = He #%0 4 [e2%°, \%:—ZHJ?%+Ew%%
the general _ﬂxl Exl , 11 _Exl Exl
solutions Y1 = Ge 4 + Ke2 ) Y1 =——0Ge 4 + = Ke2"1,
(Examplel) 4 2

After substituting the corresponding initial conditions to find the values of H,1, G, K:

( ~ =2
0=H+I i=—
) -2 5 2 3
{1 5 3 _ 11 :}YO :_e_4.x0 +_e§X0’
—=—-H+-], solving this system | - 2 the particular 11 11
2 4 2 [=— solution
J 11 for IVP Eq. (15)
~ —6
) —6 11 6 5
{3 11 5 > 21 :}Y1 :_e_TXI +_e§X1
—=——G+ =K, solvingthissystem | 6 the particular 21 21
2 4 2 K=_-= solution
\ 21 forvPEq (16)

)22 (-Ee) 2D

1= ) =07 () =262 +1(- 29 =3

-1(22 -_6)21(‘_2_3) (—_6_‘_2)=_E_ 8
4 (11’21 2\11 21 +J 21 11 77 77]’
(p—l(i’i)=l(1+£)+](3_£)=2+£],
11’21 2\11 21 21 11 77 77
(p—l(__z’i)=l(__2+£)+](i+i)=i+ﬁ]’
11’21 2\11 21 21 11 77 77
-1 1‘_6)=l(i -_6) (i_i)z_i_ﬁ
¢ (11’1 2 11+21 +] 21 11 77 77]'

Then, the general solution of Eg. (14) (from Example 1)

5 17

Y(X) =M, e(—2—§])X + M,e@HX 4 M3e(§+175])x + M4e(_§_TDX
= pl((P_l(ﬁ, C) e11X + (p—l(i’ K) elzX) + pz(@_l(ﬁ, K) e]3x n (p_l(T, G) el4X)

e (220 5 07 (308) 9 e (2.) e
@1 (%;_f) elsX)
=p; <(—%—%]) (2% (224 25) el x) +p, <(%+%]) =)'

(-3~ 3) ol90%),

)

(16)
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Y'(X) =p; ((—2 =) (-2-21) Xy 24 (E+2)) e(2+DX) +

77
po(+ ) G 30) B (3 (- 0) 90

Substituting the initial conditions: Y(0) = 0 in the general solution Y, and Y'(0) = 1 + ] in the first derivative
of the general solution Y', we get

[o=r((-55-50) G+ 3) + (5550
er=n((2430) G + @ 0 ) o (G ) G50+ G ) G 39))
0 = Op, + Op,
SRR TRETANERE
We find that those two equations are satisfied when

[1+1-(77+ 7)) (& + ) e

@) (143

Then the solution of Eg. (75) is in terms of p, for any p;:
18 8 —2-3)x |, (18 , 8 4
YOO = P(p) ((— 5 an) eI () e X) P ((ﬁ +

1)) i (-4 - ) ol H00),

= P(p>).

77

Now, we will solve a simple form, ‘the real constant-coefficient second-order linear homogeneous WFC
ordinary DE.'

Example 4. Second-order linear Homogeneous WFC-IVP with Real Constant Coefficients.

{Y CHA3Y=0 0 x<10 a7

Y(0) =3, Y'(0)=5,
This IVP is equivalent to the two following IVPs:

0<X,<10
Y,(0) =3,Y,/(0) =5~ "°~

0]
Eq.(1
a-( 7):i{Y1”—4Y1’+3Y1=0, 0<% <10
Y;(0)=3Y,/(0) =5~ ~"17 7
Y, = He3%o + [eXo,Y," = 3He3¥o + [eXo,

the general (Y, = Ge3*1 + KeX1,Y] = 3Ge3*1 + Ke*1.
solutions
from
Example 2

({Y(;, — 4'Y0, + 3Y0 = 0,

After substituting the corresponding initial conditions,

{3=H+I =>{H=1:Y0=e3xo+2exo'

5=3H+1 =2
3=G+K G=1 _ 3% X;.
{5=3G+K=>{K=2:>Y1_e 14 2e™

The general solution of Eg. (77),
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Y(X) = p; ((p_l(ﬁ, G) e"X + o7 1(1,K) el2X) + p, ((p_l(ﬁ, K) elsX 4 (p_l(T, ﬁ) elsX)
=pu(@7 (1, 1) ¥ + 971(2,2) €'2X) + po(@71(1,2) X + @71(2,1) e'X)

-1 _1 1 _ _
) (1.1)—2(1+1)+2ﬁ](1 1) =1,
o 1(22)=2,

-1 -1 T yr_1n=3.1
0] (1.2)—2(1"‘2)"‘2\/{](2 1)_§+21/E]’

-1 _1 1 _n=3_1
02D =3+ D +571-2) =1- 1),
I, = (P_1(7\1; Hi) =3,

L=¢ 1) =1, )
L= (A,p) =2 —ﬁ],
_ 1
L=¢ 1(7\2.111):2‘*'%]-
Then
3 1 (z—i])x 3 1 (2+i])x
YX) =pi(e¥*+2eX) + [(—+—)e Vvt +(———)e Ve,

(X) = pi( R TR, 2 0t
Lron 3x X 1 3.1 2-15)x 1 3
Y'(X) = ps(3e +2e)+p2[(2—ﬁl)(5+ﬁ])e( 7) +(2+ﬁ])(5—
) e(z+%])x].

1
ﬁ;]

Substituting the initial conditions: Y(0) = 1 in the general solution Y, and Y'(0) = 1 in the first detivative of
the general solution Y', we get

3 1 3 1
3=p1(1+2)+p2(5+2_\/fl+5_2_\/fl)'

s+ oo D) ) o 2 o))
3 =3p; +3p;
= 5=5p1+p2[3—%]—zi\/{ _%H_%Hzi\/f —%
1=p;+p;
= 5=5p1+(5—%1)p2.

Solving these two equations [12], we find p; = 1,p, = 0 and the particular solution of Eg. (17) is

Y(X) = e3%X + 2%,

5| Conclusion

In this paper, we have defined the second-order WFC-DEs. We have focused on solving the second-order
constant-coefficient linear homogeneous WFC DE using its characteristic equation, where we have found its
general solution. We have solved the related second-order constant-coefficient linear homogeneous IVPs by
adding initial conditions. We have explained all examples for this type of DEs and IVPs with WEFC constant

coefficients and real constant coefficients.
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