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Abstract

In 2023, Alkhazaleh [1] introduced the concept of the Effective Fuzzy Soft Expert Set (EFSES) as a new
mathematical tool to address uncertain problems in decision-making and medical diagnosis. The virtue of this concept
is its adaptability to deal with uncertain problems involving external effects. However, some uncertain decision-
making problems, especially those with external effects, must be judged by several experts. To this end, this paper
extends the concept of EFSES to the concept of an Effective Q-Fuzzy Soft Expert Set (EQFSES). The concept of
QFSES is further extended to include the operations of union, intersection AND, and OR using De Morgan's Law.
Definitions and propositions on these operations are introduced. The results indicate that the proposed EQFSES
framework provides a more comprehensive and flexible representation of uncertainty by effectively integrating
multiple expert opinions with external effects, thereby enhancing the robustness of complex decision-making models.
Future studies may extend the EQFSES framework to neutrosophic or hybrid environments and investigate its

applicability in real-wotld multi-criteria decision-making problems to further validate its practical effectiveness.

Keywords: Fuzzy soft expert set, Q-fuzzy soft expert set, Effective Q-fuzzy soft expert set.

1| Introduction

Many real-world problems are characterized by uncertainty, which complicates traditional decision-making
methods in fields such as economics, engineering, and medicine. To address these challenges, Zadeh [2]
introduced fuzzy set theory as a mathematical tool. He later expanded this idea to include interval-valued
fuzzy sets [3], where the membership space consists of all closed subintervals between 0 and 1.

Further advancing these concepts, Molodtsov [4] introduced soft set theory as a new framework for tackling
vague problems. Maji et al. [5] later generalized soft set theory into fuzzy soft set theory, enhancing its
applicability to decision-making scenarios. Maji et al. [6] provided a precise definition of key operations within
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this framework, such as union, intersection, AND, and OR, establishing a foundational understanding of
these concepts. Building on this, Roy and Maji [7] further investigated the application of fuzzy soft sets,
particularly within decision-making processes, highlighting their practical utility and impact in this field.

Yang et al. [8] took an innovative approach by integrating interval-valued fuzzy sets with soft sets. Lastly,
Alkhazaleh and Salleh [9] presented soft expert set theory, which aggregates expert opinions into a cohesive
model, detailing its properties and defining basic operations like union, intersection, AND, and OR.

Alkhazaleh and Salleh [10] defined a fuzzy soft expert set, which was later extended to a generalized fuzzy
soft expert set [11], vague soft expert set [12], generalized vague soft expert set [13—15], and multi Q-fuzzy
soft expert set [16]. Q-fuzzy soft sets [17-19] and multi-Q fuzzy soft sets were proposed by Adam and Hassan
[20-22], effective fuzzy soft sets [23] and time-effective fuzzy soft sets [24]. Recently, Alkhazaleh [1]
introduced the concept of Effective Fuzzy Soft Expert Set (EFSES) theory, defining fundamental operations
such as complement, union, and intersection. This theory notably incorporates external effects in decision-
making processes. A key advantage of this approach, compared to existing concepts like EFSS and fuzzy soft
expert sets, is its ability to combine both internal and external influences while allowing up to two opinions

from each expert for enhanced decision-making.
2 | Preliminaries

Definition 1 ([2]). The fuzzy sets defined on a non-empty V as objects having the form A = {< v: pp(v),v €
V} where the functions p: V.- [0,1] for v € V.

Definition 2 ([21]). Let V be an initial universe set, and E be a set of parameters. Consider A € E. Let P(V)
denote the set of all fuzzy sets of V. The collection (F, A) is termed to be the soft fuzzy set over V, where F is
a mapping given by F: A - P(V).

Definition 3 ([22]). V is an initial universe, E is a set of parameters, X is a set of experts (agents), and
O={agree=1, disagree=0} a set of opinions. Let Z=ExXx0 and ASZ. A pair (F, A) is called a soft expert set
over V, where F is the mapping given by

F:A - P(V),
where P(V) denotes the power set of V.

Definition 4 ([25]). Let I be a unit interval and k be a positive integer. A multi Q-fuzzy set Aq in V and a
non-empty set Q is a set of ordered sequences KQ ={(v.q), nj(v,q):v € V,q € Q} whete

LVxQ-1X i=12, ..,k

The function (H1 v, ), (v, @), ey Wi (v, q)) is called the membership function of multi Q-fuzzy set KQ: and
W, Q)+ (v, + -+ u(v,qQ) < 1,k is called the dimension of KQ. The set of all multi Q-fuzzy sets of
dimension Kk in V and Q is denoted by MXQF (V).

Definition 5 ([1]). A functional, effective set A in a universe of discourse A is a fuzzy set defined as A: Ux X —
I2 and the set of effective parameters is represented by C, such that the membership values perhaps modified
after the implementation effective set and have positive (or no) effect on membership values given by

A ={(u.x).6,(a):a € C}.

Definition 6 ([1]). A pair (F,S), is called an ENSES over U, provided that F(U) denotes the set of all fuzzy
subsets of U and the set of effective parameters is represented by C such that A be the effective set over C.
Then F is a mapping given by F: Z — F(U) and defined as follows:

u
F(s)p = {T

'y eUs€e S}.
U(uj)a

For all s € S and for all ay € C, we have
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1-T,(u. 5
Ty (Uj)+( U(uj))zk Axi @)
Uy, — |A|
T, (u)), O.W.

D) 1f’I‘U(uJ) 6(051)’

3 | Effective Q—Fuzzy Soft Expert Sets

We will now propose the definition of Effective Q-Fuzzy Soft Expert Set (EQFSES) and propose some of
its properties. Throughout the discussion, V is the initial universe, E is the set of parameters, QQ be a set of
supplies, A is the set of effective parameters, X is the set of experts, and O = {agree = 1, disagree = 0} a set
of suggestions. Let A€ Zwhere Z=E XXX 0and S € Z.

Definition 7. (FQ, A) is a QFSES over V, where Fq is the mapping Fo: A - QFSES such that QFSES is the
set of all QFSES over V.

mxk mxk

Fq, () = /\ Fo(ew pj, 1)Ai, /\ Fo(ey pj,o)Ai, t=12,...mj=12..k
i=1 i=1

u.
FQ(et. p] 1) = ) :u]- € U,S €S
AN

u.
FQ(et. p] O) = ) :u]- € U,S € S;.
A Vo),

For all s € S and for all a, € C, we have
(1=vy(uy) 2 SAX‘ (ay)
vy (u))+ A ‘
Uy, — | |
Vu (uj)’ O.W,

> ifVU(u_j) 6(051)’

for all (ax) € A, and |A] is a cardinality A.

Example 1. Suppose a customer who wants to build a new house wants to get feedback from several experts.
Let V = {v;,v,} be the set of houses, Q = {ky,k,} be the set of construction companies, E = {e;, e} be the
set of decision parameters, and the set of effective parameters is represented by A = {13, 1,}. Let X = {p4, p2}
be the set of experts. Assume that

L I
AN (vy.ky,pp) = 0504
2 11 12
A*(v1.ky,p1) = 0308
, L
A°(vi.ky,p2) = 0703
4 11 12
A (Vl'kZ'pZ)z 0206
5 11 l2
A (Vz.kl.pl)z ﬁﬁ .
6 11 l2
A (Vz.kl.pz)z Eﬁ .
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l, 1
A7(V2 'kZ'pl) = {011 .é}.

l, 1
AB(VZ .kz.pz) = {019 .0_27}.

Let F be the QFSES defined as follows:

FQ(el, py,1) = {((Vg 16<1) ’ (Vg 17(2) ’ (vy, k1) ’ vy, kz)) |

Foenpy 1) = | (LX) (Vl'kz> <Vz'k1) (v2.k2)

)

(v, k) (Vl»kz) (VZ'kl) (Vz'kz)

(v1,kq) (V1;k2) (Vz;k1) (Vz;kz)

) )

FQ(ez,ppO) =

FQ(eZ' pl! = { ’ 0. ’
FQ(eZI pZI = { ) ) )
FQ(eli p1,0) = { ) ) )
_ (v, k1) (Vl'kz) (VZ:kl) (Vz,kz)
FQ(eli p2,0) = 07 ' 0 , .

(v1,kq) (Vl'kz) (VZ:kl) (Vz,kz)
04 T 07

|
[t |
(0 5
(o }-
<(v1,k1) (vl,kz> (Vz,kﬂ (Vz’kz))}.
(i %)
& |
[t )

(v1,kq) (V1;k2) (Vz;k1) (Vz;kz))

FQ(eZ' P2, 0) = {

Then, by applying Definition 6, we get

(v1, kq) )

06+[(1—06)M]
(v1,kz)

atenpu iy =1 07 HA=0DEF (k) (ko) (ak) (ak)

(v, ky) 08 '~ 08 ' 07 ' 06

0.4 + [(1—04)M]
(v2,k3)

k02+[(1—02)05;04]

Similarly, when the calculations are continued, the EQFSES is found as follows:

(v, ky) (v, kp) (v, ky) (v, k)
07 ' 06 ' 08 ' 09 °

(v, ky) (v, kp) (v, ky) (v, k)
07 08 ° 08 ° 07 °

(v, ky) (v, kp) (va,ky) (v, k3)
09 ° 07 °~ 09 ~ 08 °

(vi, k1) (vi,kp) (va,kg) (va,kp)
08 ' 08 ' 06 ' 06

FQ(el' P2, 1)A1 =

FQ(eZ' P1, 1)A1 =

FQ(eZ' P2, 1)A1 =

FQ(el, P1, O)Al =
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FQ(ell P2, O)Al

FQ(eZ' P1, O)Al

FQ(eZ' P2, O)Al -

FQ(ell P1, 1)A2 -

FQ(e1: P2, Dpz =

FQ(ez,pp D2

FQ(eZIpZI Dy =

FQ(elf P1,0)pz =

FQ(el; P2,0)pz =

FQ(eZ' P1, O)AZ

Fq(ez,p2,0) )2

FQ(el' P1, 1)A3 -

FQ(el' P2, 1)A3 -

Fo(ez,p1, Dps =

FQ(eZ' P2, 1)A3

FQ(el' P1, 0)A3 -

Fq(e1,p2,0)p3 =

FQ(eZ' P1, 0)A3 -
FQ(eZ' P2, O)AS =

FQ(ell P1, 1)A4’ -

FQ(el, P2, 1)/\4 =

(vi, k1) (v, kp) (va,kg) (va,kz)

09 08 ~ 08 ' 08
(v, ky) (v, kp) (va,ky) (v, k3)

06, 07 ’ 06 ' 05

(vi, k1) (v, kp) (va,kg) (va,kz)

08 ' 07 ' 08 ' 08

(vi, k1) (vi,kp) (va,kg) (va,kz)

08 " 09 ’ 07 ' 06

(vi, kq) (v, kp) (va,kq) (Vz»kz)_

07 ' 07 ' 09 ’ 09
(v, ky) (v, kp) (va,ky) (v, k3)

08 ~ 08 ~ 09 ' 08
(v, ky) (v, kp) (v, ky) (v, k)

09 " 07 * 09 ’ 08

(vi,kq) (v, kp) (va,kq) (Vkaz).

09 " 08 ’ 07 ' 07

(vi, k1) (v, kp) (va,kg) (va,kz)

09 ~ 09 ~ 09 ' 08
(v, ky) (v, kp) (va,ky) (v, k)

06 ~ 08 '~ 07 ' 06

(v, ky) (v, kp) (va,kq) (Vz'kz).

08 " 07 '~ 09 ' 08

(vi, k1) (v, kp) (va,kg) (va,kp)

08 ° 09 ' 07 ' 06

(vi, k1) (v, kp) (va,kg) (va,kp)

07 "~ 07 7 09 ' 09

(v, kq) (v, kp) (va,kq) (Vz'kz).

08 ~ 08 ~ 09 ' 08
(v, ky) (v, kp) (v, ky) (v, k)

09 ~ 07 ° 09 ' 08

(vi, k1) (v, kp) (va,kg) (va,kp)

09 * 08 " 07 ' 07

(vi, k1) (vi,kp) (va,kq) (Vzikz).

09 * 09 " 09 ° 08

(vi, k1) (v, kp) (va,kg) (va,kz)

05 ' 08 ' 07 ’ 06
(v, ky) (v, kp) (v, ky) (v, k)

07 ° 07 ° 09 ° 08

(vi, k1) (v, kp) (va,kg) (va,kz)

08 " 08 ’ 06 ' 05

(vi, k1) (vi,k2) (va,kq) (Vz,kz).

06 " 06 ' 08 ' 09
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F (e 1) 4 = (Vl'kl) (Vl’kZ) (V2;k1) (Vz,kz)
Q€2 PL I =07 0 T 08 1 07

F (e 1) 4 = (Vllkl) (Vl’kZ) (Vz'kl) (Vz,kz)
Q€2 P2 At =759 06 " T09 T 08

F (e 0) 4 = (Vl'kl) (Vl'kZ) (Vz'k1) (Vz.kz)
QCrPLAt =758 "08 T 06 1 06

(v, ky) (v, kp) (va,ky) (v, kp)
09 08 ~ 08 ' 08 °

F (e 0) 4 = (Vllkl) (Vl’kZ) (Vz'kl) (Vz,kz)
Qe PLEN =0 T07 T06 05

F (e 0) 4 = (Vl'kl) (Vl’kZ) (VZ;kl) (Vz,kz)
Q€2 P2 N =706 "06 T 08 ' 08

_ (vi, k1) (v, kp) (va,ky) (va,kp)
07 '~ 08 ' 06 ' 04, °

F (e 1) s = (Vl’kl) (Vl;kz) (Vz,kl) (VZ'kz)
QP2 At =067 05 T 08 T 09

Fo ey, py. 1) s = 010 (Vuka) (Vake) (va ko)
Q€2 PL A =06 07 08 06

_ (v, ky) (v, kp) (va,ky) (v, kp)
09 ' 06 ' 09 ' 07

_ (vi, k1) (vi,kp) (va,ky) (va,kp)
08 ° 0.7 ~ 05 ’ 05

Fo(er by, 0) s = 010 (Vuka) (Vake) (2 ko)
QP2 A =09 08 T 08 ' 07

Fo(es,pr. 0) s = (010 (Vuka) (vake) (va ko)
Q€2 PL A =07 T06 T 05 03

Fo (e 0) s = (v, k1) (v, kp) (va, k1) (va,Kkp)
Q€2 P2 A =08 06 '~ 08 ' 07

_ (v, ky) (v, kp) (va,ky) (v, k)
09 ~ 09 ' 08 ' 07

F (e 1) 6 = (Vl'kl) (Vl’kZ) (VZIkl) (Vz,kz)
QP2 A" =087 T08 T 09 09

F (e 1) 6 = (Vl'kl) (Vl’kZ) (VZJkl) (Vz;kz)
Q€2 PL YA =08 09 09 08

F (e 1) 6 = (Vl'kl) (Vl’kZ) (VZIkl) (Vz,kz)
Q€2 P2 VA= "69"08 T 09 09

_ (v, ky) (v, kp) (va,ky) (v, k)
09 09 ' 08 ' 08

F (e 0) 6 = (Vl'kl) (Vl’kZ) (VZJkl) (Vz,kz)
QP2 A =08 "09 T 09 09

F (e 0) 6 = (Vl'kl) (Vl’kZ) (VZJkl) (Vz,kz)
Q€2 PLAe =03 08 T 08 07

FQ(ep P2, 0)ps =

FQ(eli P1, 1)/\5

FQ(eZ' P2, 1)ys

1:‘Q(el' P1, 0)/\5

FQ(el' P1, 1)[\6

FQ(el' P1, 0)[\5
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Fo(ez, P2, 0)p6 = (vi, k1) (vi, k) (v, kq) (vp,kp)
Q€2 P2 One === 08" " "09 09

_ (vi, k1) (v, kp) (va,ky) (va,kp)
07 ’~ 0.7 ' 05 ' 03 °

F (e 1) 7 = (Vl'kl) (Vl’kZ) (VZ;kl) (Vz,kz)
QP2 =05 04 T 07 08

F (e 1) 7 = (Vl'kl) (Vl’kZ) (VZ;kl) (Vz,kz)
Q€2 PL DN =0T 07 T 07 T 06

Fo(e a7 = (vi, k1) (vi, k) (v, kq) (vp,kp)
Q€2 P2 a7 =805 "o T 0.7

_ (v, ky) (v, kp) (va,ky) (v, k)
07 ° 07 ° 04 ° 04

F (e 0) 7 = (Vl'kl) (Vl’kZ) (VZ;kl) (Vz,kz)
QP2 BN =TT 07 T 07 07

Fo(e 0),7 = (vi, k1) (vi,kp) (vy,ky) (v, ky)
QW€ PLBIN =08 06 T 04 1 02

F (e 0) 7 = (Vl'kl) (Vl’kZ) (V2;k1) (Vz,kz)
Q€2 P2 YN =09 05 07 07

_ (v, ky) (v, kp) (va,ky) (va, k)
09 ~ 09 ' 09 ' 08

_ (vi, k1) (vi,kp) (va,ky) (va,kp)
09 ° 09 ~ 09 ~ 10 °

Fo(e 1)ps = (vi, k1) (vi, k) (v, ki) (va,kz)
Q€2 P1 A" =097 09 T 09 T 09

Fo(e 1,8 = (vi, k1) (vi, k) (v, ki) (v2,kz)
Q€2 P2 VA =07 T09 T 10 1 09

Fo(e 0) e = (v, k1) (vi, k) (va,kq) (vy,ky)
QELPL AT =09 09 "T09 T 09

_ (v, ky) (v, kp) (v, ky) (v, k)
08 * 09 ' 09 ’ 09

F (e 0) g = (Vl'kl) (Vl’kZ) (VZIkl) (Vz,kz)
Q€2 PL A" =509 T 09 08

Fo (e 0) e = (v, k) (v, kp) (va, k1) (va,Kp)
Q€2 P2 A =05 09 1T 09 T 09

FQ(ell pl; 1)A7

FQ(el' P1, 0)A7

Fq(e1, p1, Dys

FQ(el: P2, 1ps

Fq(e1,p2,0),8

Definition 8. For two EQFSES (FQ, A)Ai and (GQ, B)Ai over V, (FQ, A)Ai is called an EQFSE subset of
(Gg, B)Ai if

I. BE A

IL. Gq(g) i is an effective Q-fuzzy soft expert subset Fo(€) i for all € € B.

Example 2. Consider Example 1, where
A= {(el' P1, 1)! (EZJ P1, 1)}
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and
B = {(ell P1, 1)}

B is an effective Q-fuzzy soft expert subset of A, hence B € A. Define (GQ, B)A3 and (FQ, A)A3 as follows:

_ _ (v1, K1) (vi, k) (va,kq) (vy, k)
(FQ'A)A3_{(el'p1'1)A3_ 08 ' 09 ' 07 ' 06

(e 1)ps = (vi,k1) (v, k) (v, k) (vp,kp)
lell A 08 ) 08 , 09 , 08 .

(vi, k1) (v, kp) (va,ky) (va,kp)
Go, B = 1 = .
(Go/B) s {(el'pl' =08 09 07 06

Therefore
(GgB),s € (Fg.A) -

Definition 9. Two EQFSES (FQ, A)Ai and (GQ, B)Ai over V are equal if (FQ, A)Ai is an EQFSES subset of
(GQ, B)Ai and (G, B)Ai is an EQFSES subset of (FQ, A)Ai for all i.

Definition 10. Agree-EQFSES (FQ, A)A over V is an EQFSES subset of (FQ, A)A defined as:
1
(FoA),' = {FQl(oc) Aoxe E X X X {1}}.

Example 3. Using our previous Example 1, the agree-EQFSES (Fy, Z)A1 over V is:

1_ _ (Vl'kl) (Vl;kz) (Vz,kl) (Vz,kz)
(Fo.2), —{(el,pl,l)Al e
(erpy 1) = 1K) (Vi Ka) (Vo ky) (3 ka)

vP2 A =07 T06 08 09
(e 1 1) = 1K) (Vi K) (v Ka) (3 ka)
2PL N =07 08 T 08 1 07

(63,05 1) = 1K) (VK2 (o Ka) (V3 ko)
2:P2, L) 09 07 ' 09 ' o8

(o1 py 1) = KD G ka) (ake) (v ko)

1P LA 08 ' 09 ' 07 ' o086

(o1 py 1) 0 = KD G ka) (ake) (V2 ka)

1, P2, 1)p 07 07 ' 09 ' 09 °

(e 1) 0 = KD Gka) (ake) (V2 ko)

2,P1, L)p 08 ' 08 ' 09 ' 08

(030 1) 0 = VKD (k) (V3 Ka) (V2 Ka)
2:P2, L)p 09 ' 07 ' 09 ' 08

(e 1) = k) Baka) (Vake) (Vo ko)

1, P1, LA 08 ' 09 ' 07 ' 06 °

(o1 py 1) s = kD) (i ka) (ake) (Vo ko)

1, P2, 1)p 07 07 ' 09 '’ 09 °

Fo(ez,p1, Dpz = (vi, k1) (vi, k) (vo,kq) (v2,kz)
Q\t2, M1, A 0.8 )] 0.8 ) 09 ) 08 :

(Vl'kl) (V1;k2) (Vz;k1) (V2;k2)
09 '~ 07 09 ' 08

FQ(eZ' P2, 1)A3 =
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F (e 1) .= (Vllkl) (Vl,kz) (VZ!kl) (VZ!kZ)
QLPL At =087 "08 T 06 ' 05

F (e 1) 4 = (Vl'kl) (Vl’kZ) (V2;k1) (Vz,kz)
Q€LP2 At =6 06 08 1 09

F (e 1) .= (V1,k1) (V1;k2) (Vz,kl) (Vz;kz)
Q€2 P UAt =07 08 08 1 0.7

F (e 1) 4 = (Vl'kl) (Vl’kZ) (V2;k1) (Vz,kz)
Q€2 P2 VA =709 T06 T 09 ' 08
_ (v, k1) (v, k) (va,kq) (vy, ky)
07 " 08 ' 06 ' 04

Fo(e 1ys = (v, k1) (v, ky) (v, ky) (va,kp)

QP2 A =06 05 T 08 09

_ (v, kK1) (v, ky) (vy,kq) (vy, k)
06 " 07 ' 08 ' 06

Fo(ey, by 1) s = 1K) (Vka) (2 Ka) (va ko)
Q€2 P2 YA =709 T06 09 ' 07

F (e 1) 6 = (Vl'kl) (Vl’kZ) (V2;k1) (Vz,kz)

QP2 A" =087 T08 T 09 09

_ (v, k1) (v, ky) (v, ky) (va,kp)
08 ' 09 '~ 09 ' 08

Fo(e 1) e = (vi, k1) (vi, k) (v, ki) (v2,kz)
Q€2 P2 A= "09"08 T 09 ' 09

Fo(e 0) 6 = (v, k1) (v, ky) (vy,ky) (vo,k5)
Qe PL YA =09 09 " 08 1 08
_ (v, ky) (v, kp) (v, ky) (v, kz)
07 ' 07 " 05 ' 03
F (e 1) 7 = (Vl'kl) (Vl’kZ) (Vz,k1) (Vz,kz)
QP2 UN =05 01 T 07 08

Fo(e 1,7 = (v, kK1) (v, ky) (vy,kq) (vy, k)

Q€2 PL UN =T 07 07 T 06

_ (v, k1) (v, ky) (v, k) (vy, k)
08 '~ 05 ' 08 ' 07

F (e 1) g = (Vl'kl) (Vl’kZ) (VZJkl) (Vz,kz)

Qe PL U =09 09 " 09 T 08

Fo (e 1) 6 = (v, ky) (v, kp) (va,ky) (v, k)
QP2 A =097 09 " T 09 T 1.0
_ (v, k1) (v, kp) (va,ky) (v, k)
09 ' 09 ' 09 ° 09
_ (v, ky) (v, kp) (v, ky) (v, k)
1.0 ° 09 ° 10 ~ 09

FQ(ell P1, 1)A5

FQ(eZ' P1, 1)A5

FQ(eZ' P1, 1)A6

Fo(er, p1, Dy7

Fq(ez,p2, 1)y

FQ(eZ' p1, 1)ps

Fq(ez,p2, 1ye

Definition 11. A disagree-EQFSES (Fy, Z)Aoover V is an EQFSES subset of (Fq, Z)A defined as:
0
(Fo2),’ = {FQO(oc) AxE E X X X {0}}.

Example 4. Using our previous Example 1, the disagree-EQFSES (Fq, Z) AO over V is:
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(vi, k1) (vi,kz) (va,kq) (szkz).

0
(Fo.2), :{FQ(el'pl’O)Alz 08 ' 08 ' 06 ' 06

Fo(ey,pz, 0)p1 = (vi, k1) (vi, k) (v, kq) (v, ko)
Q€ P2 =958 ""T08 ' 08

F (e 0) 1 = (Vl'kl) (Vl’kZ) (V2;k1) (Vz,kz)
Q€2 PN =06 07 06 05
_ (vi, k1) (v, kp) (vy,Ky) (v, ky)
08 ' 07 ' 08 ' 08 °

F (e 0) 2 = (Vllkl) (Vl’kZ) (VZJkl) (Vz,kz)
QELPLYIN =09 08 07 07

Fo(e 0),2 = (vi, k1) (vi,kp) (vy,Ky) (v, ky)
QP2 N =09 09 "T09 T 08
_ (vi, k1) (vi,kp) (vy,kq) (v, ky)

06 08 ' 07 ' 06

Fo(e 0),2 = (vi, k1) (vi,kp) (va,ky) (v, ky)
Q€2 P2 BN =08 07 T 09 08

Fo(e 0) s = (vi, k1) (vq,kp) (v, ky) (v, ky)
Ql€1,P1,V)p 09 ' 08 ' 07 o7
_ (k) (ko) (v, ke) (v, ko)

09 ~ 09 ' 09 ' 08 °

Fo(e 0) s = (v, k1) (vi, k) (va,kq) (vy,ky)
Q€2 PN =05 08 T 07 06

Fo (e 0) s = (v, k) (v, kp) (va, k1) (va,Kp)
Ql€2,P2,U)p 07 " 07 " 09 ' 08
_ (vi, k1) (vq,kp) (v, ky) (v, ky)
08 '~ 08 ' 06 ' 06

Fo(e 0) s = (v, k1) (vi, k) (va,kq) (vy,ky)
QP2 A =09 08 T 08 08

Fo(e 0) s = (v, k1) (vi, k) (va,kq) (vy,ky)
Q\€2,P1,V)p 04 07 " 06 ' 05
_ (v, k1) (v, kp) (vy,ky) (v, ky)
06 ~ 06 ' 08 ' 08

Fo (e 0) s = (v, k) (v ky) (va, k1) (va,Kp)
Q€L PL A = 8™ 0 T 05 T 05

Fo (e 0) s = (v, k) (v, kp) (va, k1) (va,Kp)
QP2 =709 58 "To08 ' 07
_ (v, k1) (v, kp) (vy,ky) (v, ky)

07 06 ' 05 ' 03
Fo (e 0) s = (v, k) (v, kp) (va, k1) (va,Kp)
Q€2 P2 =08 06 '~ 08 ' 07

Fo(eq, p1, 0)p6 = (v, ky) (v, kz) (v, k) (v, k)
Qe PL YA = 759709 T o8 08

F (e 0) 6 = (Vl'kl) (Vl’kZ) (VZJkl) (Vz,kz)
QP2 A =08 "09 T 09 09

Fq(ez,p2, 0t

FQ(eZ' P1, O)AZ

Fq(e1,p2, 0)ps

Fq(e1,p1,0)p4

Fq(ez, p2, 0)y4

Fq(ez,p1,0)ys
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Fo(ez p1,0)p6 = (vi, k1) (vi, k) (v, kq) (vp, ko)
Q€2 PL A =703 08 T 08 ' 0,7
_ (k) (ko) (v, ki) (v, ks)
06 ' 08 ' 09 ' 09
Fo(ey, py,0)p7 = (v, ky) (v, kz) (v, k) (v, k)
QCrPLN =07 07 T 04 T 04
_ (uks) (Vi ka) (Vo ka) (V3 ko)
10 07 07 07
F (e 0) 7 = (Vl'kl) (Vl’kZ) (VZ;kl) (Vz,kz)
Q€2 PLON =708 "06 T 04 02

Fo(e 0),7 = (v1,k1) (vi,kz) (v, k1) (va, k)
Q€2 P2 A" =09 05 T 07 07

_ (v, ky) (v, kp) (va,ky) (v, k)
09 ° 09 ~ 09 ’ 09
_ (v, k1) (v, kp) (v, kyq) (Vz;kz)}

FQ(92: P2, 0)p6

FQ(ell P2, 0)A7

FQ(el; P1,0)ys

F ] 10 4 ) 4
(e P2, 00 = == =05 09 o9

Definition 12. The complement of an EQFSES (Fq, A), is
(Fo.A) Ac = (F“,—A),.

Such that FQ(C)A: —-A - EQFSE(V) a mapping

FQ(C)(‘X)A = {T — K FQ(oc)A}-

For each «€ E. It is clear that it is ((FQ, A)Ac)C = (Fo.A),-

Example 5. Using our previous Example 1, the complement of the EQFSES F, denoted by FQ(C)A is given

as follows:

c_ _ (v, ky) (v, kp) (vp,ky) (v, k)
(Fo.2), ‘{"(el'pz'l)"l_ 03 '~ 04 0z ' 01 °

(v, k1) (v, kp) (va,ky) (va,kp)
03 ° 02 ° 02 ' 03 °

(e, p1, Dpr =
And so on.

Definition 13. The union of two EQFSES (FQ, A)A and (GQ, B)A over V, denoted by

(FQ’ A)A O (GQ’ B)A'
is the EQFSES (HQ, C)Asuch that C = A U B as follows:
uFQ(e)(m), if e€ A—B,

(o) = MGq(e) (m), if e€B—A,

max (uFQ(e) (m), MGq(e) (m)) , if e€e AnB.
Example 6. Suppose that (FQ, A)A and (GQ, B)A are two EQFSES over V, such that

(vi, k1) (v, kp) (va,kg) (va,kz)
(FQ'A)Az{[(el’q'o)( 04 ' 03 ' 03 ' 04 )]

(e 0) (vi, k1) (v, kp) (va,ky) (va,kp)
295\ "8 "T03 05 ' 01 )|I
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(vi, k1) (v, kp) (va,kg) (va,kz)
(GQ'B)A:{[(el'q'O)< 06 ' 07 ' 04 ' 02 )]

( 1) (vi, k1) (vi,kp) (va,ky) (va,kp)
29704 "T07 "09 o5 J|I

Then (Fo,A) U (Go,B) = (Hp,C) where
oA, oB), 0C),

k Lk k k
(o), = {[(e” @0 <(VB.61)’ (VBJZ)’ (mel) : (VEAZ))] |

[(ez. q,0), ((V1, ki) (vi,Kz) (v, k1) (v, kz))].

08 " 03 ’ 05 ° 01

( 1) (v, k1) (v, ka) (va,ky) (va,kz)
29793 "T07 T 09 o5 J|I

Proposition 1. If (Fq, A)A, (Go, B)A and (Hgq, C)A are three EQFSES over V, then
1 ((Fo8), 9 (6o B), ) © (He.0), = (Fo.8),© (G B),© (He.0), )

I (Fq.A), VY (Fo.A), € (Fo.A),.
Definition 14. Suppose (Fq, A)A and (G, B)A are two EQISES over the common universe V. The
intersection of (Fg, A)A and (Gg, B)A is (Fq, A)A A (Gq, B)A = (Kq. C)A as follows:
IJFQ(e) (m), ife e A—B,
|J-KQ(e) — UGQ(e) (m), ife e B—A,

min (uFQ(e) (m), MGq(e) (m)) , ifee AnB.

Example 7. Suppose that (Fq, A)A and (G, B)A are two EQFSES over V, such that

(v1, k1) (vo,kq)
(FQ'A)A = {[(91' b, 1)'< 3)31 ’ 391 )]

oo (5525537

a0 (572 550 )|}

(v1, k1) (v, kq)
(Go.B), = {[(el' > 1)'< VB.41 ’ V?)Jl )]}

Then (Fg,A) ) (Go,B) = (Ko, C) where
oh), oB), 2 C),

(vi,kq) (v, kq)
(50, = (0522 )

Proposition 2. If (FQ, A)A, (GQ, B)A and (KQ, C)Aare three EQFSES over V, the following properties hold

true.

1 ((Fe.8), M (6o.B), ) M (Ko, 0), = (F.4), ™ (6o, B), M (Ko, ©), )

Il (Fq,A), M (Fo.A), € (Fo.A),-
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Proposition 3. If (F Q@ A)A, (GQ, B)A and (KQ, C)A are three EQFSES over V, then
L ((Fo8), 9 (GoB), ) M (Ke€), = ((Fa8),M (ke ),) © (G B), ™ (K, 0), )

i ((Fa8), M (GoB), ) ¥ (Ke €), = ((Fo8), ¥ (Ko 0),) M (G B), © (Ko, 0), )
Definition 15. If (Fq, A) and (Gg, B) , are two EQFSES over V, then (Fo,A), and (Gg, B), is
(Fq.A), A (Go B), = (HoAXB),.

Such that Hq(a, B) = Fq(a) N Go(B) and memberships of (HQ,A X B)A is as follows:

MHq (o) (M) = min (HFQ(a) (m), ey (p) (m)),

where for all a € A,for all B € B.

Example 8. Suppose that (FQ, A)A and (GQ, B)A are two EQFSES over V, such that

k) (Vika) (V2 ka) (vak
(Fo.A), = {[(el’ p1). ((VB.61) ’ (VBAZ) ’ (V(2).4,1) ’ (VEBZ))]}'

(v1, k1) (vi,kz) (v, k1) (vo, k)
(GQ'B)A:{[(el'p'l)’< 05 '~ 09, ' 03 ' 01 )]

[(ez,q,O),<(V1’k1) (vi, kz) (v2,kq) (Vz»k2)>]}.

09 " 03 ’ 08 ' 02

Then (Fg,A) A (Gg,B), = (Ho A X B)  where

k ,k .k .k
(o), = em e (2 0 52 )|

(vi, k1) (v, kp) (va,kg) (va,kz)
06 ' 03 ' 06 ' 02 '

[(91; p' 1)' (eZ' q' 0): <
Definition 16. If (Fo,A), and (Gq, B), are two EQFSES over V, then (Fo, A),, OR (Gg, B),, is

(Fq.A), v (Go B), = (Ko AXB) .

Such that Ko (a, B) = Fq(a) U Go(B) and the memberships of truth, indeterminacy, and falsity of (KQ, A X B)A

are as follows:
gty (M) = max (Wpo e (M), ey (),
where for all a € A, forall § € B.

Example 9. Suppose that (Fq, A)A and (GQ, B)A are two EQNSES over V, such that

(vi, k1) (v, kp) (va,kg) (va,kp)
(FQ’A)A:{[(el'p’l)'( 06 ' 03 ' 05 ' 01 )]}

(v, ky) (v, kp) (vo,ky) (v, k3)
(GQ'B)Az{[(e”p’l)’< 07 '~ 06 ' 06 ' 02 )]

( 0) (v, k1) (v, kp) (va, k) (va,kz)
2970302 T 03 09 J|I

Then (FQ, A)A \Y; (GQ, B)A = (KQ,A X B)A where
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(vi,k1) (vi, k) (v, kq) (vp,kp)
(kaxB), = | (G722 e )|

(vi, k1) (vi,kz) (va,kg) (va,kz)
06 ° 03 ' 05 ' 09 '

[(el. p, 1), (e2,q,0), (
Proposition 4. If (Fq,A) and (Gg, B), are EQNSES over V, then
L ((Fq.A), A (GoB),) = (Fo.A), "V (Go.B), "
1. ((F.A), Vv (Gg,B),) = (Fo.8),“A(GgB), "
4| Conclusion

We introduced the concept of EQFSES theory as a new mathematical tool to deal with uncertainty.
Furthermore, we presented some of its properties and defined its basic operations as complement, union,
intersection, AND, and OR. As a future direction, researchers can develop this concept into an effective
neutrosophic vague soft expert set.
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