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Abstract

Many fields deal with uncertain data. Classical mathematical tools are unable to solve uncertain data in many
situations. There are several theories, viz., the theory of probability, fuzzy set, and intuitionistic fuzzy set, for dealing
with uncertainties, but they have their own difficulties. The reason for the difficulties is the inadequacy of the
parameterization tools of the theories. The parameterization tools of soft set theory enhance the flexibility of its
application. This paper introduces the concept of intuitionistic fuzzy soft expert graph, union, and the intersection
of intuitionistic fuzzy soft expert graph. Finally, the new concept is the intuitionistic fuzzy soft expert graph-based

multi-criteria decision-making method.

Keywords: Graph, Soft expert set, Intuitionistic fuzzy soft set, Intuitionistic fuzzy soft expert set, Intuitionistic
fuzzy soft expert graph.

1| Introduction

The concept of fuzzy set theory was introduced by Zadeh [1] to solve difficulties in dealing with uncertainties.
Since then, the theory of fuzzy sets and fuzzy logic have been examined by many researchers to solve many
real-life problems involving ambiguous and uncertain environments. Atanassov [2] introduced the concept
of intuitionistic fuzzy sets as an extension of Zadeh's [1] fuzzy set. Molodtsov [3] introduced the concept of
soft set theory as a new mathematical tool for dealing with uncertainties. Molodtsov's [3] soft sets give us a
new technique for dealing with uncertainty from the viewpoint of parameters. Maji et al. [4] proposed soft
sets. Alkhazaleh and Salleh [5], [6] defined the concept of a soft expert set. Graph theory has now become a
major branch of applied mathematics and is generally regarded as a branch of combinatorics. The graph is a
widely used tool for solving combinatorial problems in different areas, such as geometry, algebra, number
theory, topology, optimization, and computer science. When the relations between nodes (or vertices) in
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problems ate indeterminate, the fuzzy graphs and their extensions [7—13]. The above theories have been
applied to many areas, including real decision-making problems [14-32].

Using examples to make the concept easier, we have discussed different operations defined on intuitionistic
fuzzy soft expert graphs. Isotonic fuzzy soft expert graphs are pictorial representations in which each vertex
and edge is an element of intuitionistic fuzzy soft sets. This paper has been arranged as the following,.

Section 2 presents some basic concepts about graphs and fuzzy soft sets, which will be employed in later
sections. Section 3 presents the concept of intuitionistic fuzzy soft expert graphs, and some of their
fundamental properties have been studied. In Section 4, we present an application of intuitionistic fuzzy soft
expert graphs in decision-making, and then an illustrative example is given. Finally, the conclusions are drawn
in Section 5.

2| Preliminaries

Definition 1 ([33]). A fuzzy graph is a pair of functions G = (o, ) where o is a fuzzy subset of a non-empty
set V, and p is a symmettic fuzzy relation ono. i.e. 6:V — [0,1] and p: V X V = [0,1] such that p(uv) < o(u) A
o(v) for all u,v € V where uv denotes the edge between u and v and o(u) A 6(v) denotes the minimum of

o(u) and o(v). ois called the fuzzy vertex set of V, and p is called the fuzzy edge set of E.

Definition 2 ([33]). The fuzzy subgraph H = (1, p) is called a fuzzy subgraph of G = (o, p), if T(u) < o(u)
forallu € Vand p(u.v) < p(u,v) forallu,v €V,

Definition 3 ([34]). An intuitionistic fuzzy graph is of the form G = (V, E) where

L V={vy, vy, ..,vy} such that p;:V - [0,1] and y;:V = [0,1] denote the degree of membership and non
membership of the element v; € V, respectively, and 0 < py (v;) +v1(v;) £ 1 foreveryv; €V,(i=1,2,...,n),
II. EC VxVwhere p,:VxV - [01] and y,:V xV - [0,1] are such that p,(v;,v;) < minfu; (v;), u3(v;)] and
yz(vi, vj) > max[yl(vi),yl(vj)] and 0 < ,uz(v,-,vj) + yz(vi,vj) < 1 for every (vi, vj) EE(i,j=12,..,n).

3 | Intuitionistic Fuzzy Soft Expert Graphs

Let V be a universe, Y a set of parameters, X a set of experts (agents), and O = {1 = agree , 0 = disagree} a
set of opinions. Let Z = Y*X X0 and A S Z.

Definition 4. Let G* = (V, E) be a simple graph, and A be the set of parameters. Let IFSE(V) be the set of all
intuitionistic sets in V. By an intuitionistic fuzzy soft expert graph IFSEG, we mean a 4-tuple G =
(G", A f,g) where f: A - IFSE(V), g:A - IFSE(V X V) defined as f(a) = f, = {(x, we, (%), 9¢, X ):x € V} and
gla) =g, = {((x, ¥ ke, (5,9, 9¢, (X, y)): (X, y) €V X V} are intuitionistic fuzzy soft sets over V and V X V,
respectively, such that

Mg, (x,y) < min{ug (X), ue, ()},
95, (x,y) < min{d¢_ (x),9¢, (¥)}.
For all (x,y) € V X V and a € A. We can also denote an IFSEG by G = (G*, A, f, g) = {IFSE(a): a € A} which

is a parameterized family of graphs IFSE(a) we call them intuitionistic fuzzy soft expert graphs.

Example 1. Suppose that G* = (V,E) be a simple graph with V = {x4,X,,%3},Y = {e;,e,,e3} be a set of
parameters and X = {p} be a set of experts. An IFSEG is given in Table 1 below and pg, (xi,xj) =0 and
ﬂga(xi, x]-) =1, for all (xi, X]-) €V x V\{(X1,%3), (X3,%3), (X3,%1)} and for all a € sA.
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Table 1. Intuitionistic fuzzy soft expert graph.

f X4 X, X3

(e, p,1) (05,05 (0,1) (0.3,0.7)
(ez,p,1) (0.4,06) (0.1,09) (0.2,0.8)
(e3,p,1) (0.6,04) (0.8,0.2) (0.7,0.3)
(e;,p,0) (0.9,0.1) (0.604) (0.50.5)
(e5,p,0) (03,0.7) (0.505) (0.2,0.8)
(e3,p,0) (0.2,0.8) (0.3,0.7) (0.4,0.6)
g (x1,Xz)  (X2,X3)  (X1,X3)
(e1,p, 1) (0,1) (0,1) (0.2,0.8)
(ez,p,1) (0.1,09) (0.50.5) (0.9,0.1)
(e3,p,1) (0.4,06) (1,0) (0.7,0.3)
(e1,p,0) (0.6,04) (0,1) (0.6,0.4)
(ez,p,0) (0.3,0.7) (0.1,0.9) (0.3,0.7)
(e5,p,0) (0.2,08) (0.8,0.2) (1,0)

Definition 5. An IFSEG G = (G*, A", f1, g!) is called an IFSE subgraph of G = (G*, A, f, g) if
I A'c A
1L f,* Cf, thatis, e, (%) < pe, (%), 9p, (%) < 9, (X).

1. g,' S g, thatis, pp (x,y) < e, (x,¥), 9, (x,y) < 9, (x,y); foralla € A

Example 2. Suppose that G* = (V, E) be a simple graph with V = {X;,X,,X3}, Y = {e;} be a set of parameters
and X = {p} be a set of experts. An IFSE subgraph of Example 1 is given in Table 2 below and pg, (Xi,Xj) =
0 and Bga(xi,xj) =1, for all (xi, x]-) €V x V\{(X1,X3), (X2,X3), (X3,%1)} and for all a € A.

Table 2. IFSE subgraph.

f1 X1 Xy X3
(e1,p, 1) (03,0.7) (0,1) (0.3,0.7)
(e1,p,0) (0.2,0.8) (0.1,0.9) (0.2,0.8)
g! (x1,%3) (x2,%3) (X1,X3)
(e,p, 1) (0,1) 0,1) (0.2,0.8)

(e, p,0) (0.1,09) (0.5,0.5) (0.6,0.4)

X Xz
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Fig. 1. IFSE(eq, p, 1) cotresponding to (e, p, 1).
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Fig. 2. IFSE(e4, p, 0) corresponding to (e4, p, 0).

Definition 6. An IFSE subgraph G = (G*, A%, f*, g') is said to be spanning IFSE subgraph of G = (G, A, f, g) if
f,'(x) = f(x); forallx € V,a € AL
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Definition 7. An agree-IFSE graph G; = (G*, A, fy, g1) over G* = (V, E) is an IFSE subgraph of G = (G*, A,f, g)
defined as follows:

Gy = (G5 A f1,g1) = {f1 (), g1 (0):a € E x X x {1}}.
Example 3. Consider Example 1, then, the agree-IFSE graph G; = (G*, A, f;, g1) over G* = (V, E).

Table 3. The agree-IFSEG.
f X1 X2 X3
(e1,p,1) (0.505) (0,1) (0.3,0.7)
(e2,p,1) (04,06) (0.1,09) (0.2,0.8)
(e3,p,1) (0.6,04) (0.8,0.2) (0.7,0.3)

g (x1,Xz)  (%2,X3)  (X1,X3)

(ell p, 1) (0'1) (011) (02'08)
(ep,p,1) (0.1,09) (0.5,05) (0.9,0.1)
(e, p, 1) (0.4,06) (1,0) (0.7,0.3)

Definition 8. An disagree-IFSEG G, = (G*, A, fy, go) over G* = (V,E) is an IFSE subgraph of G = (G*, A, f,g)
defined as follows:

Go = (G* A fo,80) = {fo(), go(a):ax € E X X x {0}}.
Example 4. Consider Example 1, then the disagree-IFSEG Gy = (G™, A, fy, go) over G* = (V, E).

Table 4. The disagree-IFSEG.
f X1 Xy X3
(e1,p,0) (09,0.1) (0.6,04) (0.50.5)
(ez,p,0) (0.3,0.7) (0.50.5) (0.2,0.8)
(e5,p,0) (0.2,0.8) (0.3,0.7) (0.4,0.6)
g (x1,%2) (x2,%3) (x1,X3)
(e;,p,0) (0.604) (0,1) (0.6,0.4)
(e,p,0) (03,0.7) (0.1,09) (0.3,0.7)
(e5,p,0) (0.2,0.8) (0.8,02) (1,0

Definition 9. The union of two-IFSEGs G' = (G*, A%, f',g') and G* = (G*, A% f?,g?%) is denoted by G =
(G*, A, f g) with A = A® U A? where the membership and non membership of the union are as follows:

( ife € A — A%2and x € V! — V?or,
llfal(X) =1{ife € A — A%2and x € V! n V?or,
ife € A N A’and x € V1 — V2.
ife € A> — Aland x € V? — Vlor,
e, () = 5 Mg 2 (x) =1ife € A2 — Aland x € V! n V2or,
ife € A>nAlandx € V? — VL.
max {“fal x), M 2 (X)}{ife € A' nA%2andx € V1 nV?},
L0, otherwise.
( ife € A — A2and x € V1 — V?or,
Wfal(X) =1{ife € A’ — A%2and x € V! n V?or,
ife e Al N A%2and x € V! — V2.
ife e A2 — Alandx € V2 —V1or,
W 2 (x) =1 ife € A> — Aland x € V! n V?or,
ife € A>nAlandx € V? — VL.
min {Wfal(X),WfaZ(X)} {ife€e Al nA?andx € V1 nV?},

\ 0, otherwise.

‘Bfa (X) =<
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( ife € A — A%2and(x,y) € (V! x V1) — (V% x V?)or,

Mg 1(x,y) = {ife € Al — A%and(x,y) € (V! x V1) n (V2 x V?)or,
ife € A n A%and(x,y) € (W x V1) — (V2 x V?).
ife € A2 — Aland(x,y) € (V2 x V?) — (V1 x V)or,

Mg, (%,¥) = T, 2(x,y) = {ife € A2 — Aland(x,y) € (V2 x V) n (V! x VH)or,

ife € A2 n Aland(x,y) € (V% x V%) — (V1 x V).

ife € A n A%2and(x,y)

e (V' xVHnW?x vz)}’

\ 0, otherwise.

( ife € A' — A2and(x,y) € (V! x V1) — (V% x V¥)or,

wg 1(xy) =qife € A' — A%and(x,y) € (V' x V1) n (V* x V*)or,
ife € A' n A%and(x,y) € (V! x V1) — (V2 x V2).
ife € A2 — Aland(x,y) € (V2 x V%) — (W1 x VDor,

Og, (% y) = W, 2(x,y) = {ife € A — Aland(x,y) € (V2 x V) n (V! x V1)or,

ife € A2 n Aland(x,y) € (V2 x V2) — (VI x V1),

ife € A' N A%and(x,y)

€W xVHn W2 x vz)}’

\ 0, otherwise.

Proposition 1. The union G = (G*, A, f,g) of two IFSEGs G' = (G*, AL, f%,g') and G* = (G*, A%, f%,g?) is an

IFSEG.

max{Hg,: (% ), Hg,2 (% Y)}{

min{w,_1(x,y), wg_2(x,y)} {

Proof:
L ife € A' — A% and(x,y) € (V! x V1) = (V2 x V?), then g, (x,y) = g2 (x,y) < min{p 2 (9, uy 2 ()} =
min{ufal (), g 2 (y)}, 50 Mg, (%,y) < min{p, (%), pe, ()}.
Also, 8, (x,y) = 95,1 (x,y) < min{afal(x),afal(y)} = min{afal(x),sfal(y)}.
So 9, (x,y) < min{9;, (%), 9, (¥)}.
Now Wy, (x,y) = wg,1 (x,y) = max{w; 100, w1 (1)} = max{w (9, wy 1 ()}

Sowg, (x,y) = max{wfa (), we, (y)}.

Similatly if {e € A’ — A%and(x,y) € (W x V1) n (V2 xV3)}, or if {e € A’ N A%and(x,y) € (V! x V1) — (V% x
V?)}, we can show the same as done above.

II. ife € A N AZ and(x,y) € (V! x V1) n (V2 x V2), then
g, (xy) = max{y 1 (), ;2 ()]
< max {min {ufal (), pe_1 (y)}. min {ufaz (), ke 2 (y)}}
< min {mae g+ 09 g 2 09}, max {00,200}

= mirl{uflx (x), Hr, (Y)}
Also

9g, (x,y) = min {8fa1 %), w1 (y)}
= min {max {W{)fa1 (%), 19fa1 (y)} ,max {{)faz (%), Sfaz (y)}}

max {min {Sfal x), Oy 2 (x)} ,min {‘9fa1 (), O 2 (y)}}
max{ﬁfa (x), 9, (y)}.

\%
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Hence, the union G = G U G? is an IFSEG.
Definition 10. The intersection of two IFSEGs G! = (G'", A%, f1,g') and G? = (G?",A?,f2,g?) is denoted by
G = (G A fg) with A = A’ n A%,V = V! N V? and the membership and non membership of the intersection
are as follows:
( ue 1 (Xife € Al — A,

ue 2 (Xife € A% — AL

He, =
min {ufazl(x), M 2 (x)} ife € At n A2
9 1(ife € A — A,
o, = 9; 2(Vif e € A2 — AL,
max {afal(x), 9y 2 (x)} ife € Al N A2,
Mg 1 (X y)ife € Al — A,
Mg, = ug 2 (% y)if e € A% — A,

min{uga1(x, V) g 2 (%, y)l}ife € Al n A%
9, 1(x yife € Al — A?

9., =/ 9g 2(xy)ife € A% — AL

max{ﬁ 1(%,y),9g_2(%, y)l}ife € Al n A2,

Proposition 2. The intersection G = (G*, A, f, g) of two IFSEGs G' = (G*, A%, f!,g*) and G* = (G*, A%, f?,g?) is
an IFSEG where A = A1 n A2,V = V1 n P2

Proof:
L ife € A" — A%, then g, (x,y) = Pg 1 (x,y) < min{ufal(X). ufal(y)} = min{p, (%), nr, )},

50 Mg, (%,y) < min{pg, (x), ue, ()}.
Now 9, (x,y) = Og, xy) = max{{)fal(x),{)fal (y)} = max{{)fa1 (x),{)fa1(y)}, so 9y (x,y) = max{ﬁfu(x),ﬁfa(y)}.

Similarly, if {e eAl - AZ} we can show the same as done above.
II. ife € A N A?, then
g (%) = max {pg + (), g+ ()]

fmin {1,100,y ), min {200, ()}
{mln Mg, 1 (), K z(X)} min {ufal(y). llfaz(Y)}}
m{P-fa ), ug, M }-

< min

Now
95, (x,y) = max {Sfa1 x), O 1 (y)}
> max {max {{)fal (x),9¢ 1 (y)} , max {Bfaz (x), 9 2 (y)}}
> max {max {Bfa1 x), O 2 (x)} , max {Bfal (), Oy 2 (y)}}
= max{9, (9, 9, ()},
Hence the intersection G = G! N G? is an IFSEG.

4| Applications of IFSEG

Assume that a company wants to fill a position to be chosen by an expert committee. Suppose that G* =
(V,E) be a simple graph with V = {x4,X5,X3},Y = {e;} be a set of parameters for computer knowledge. Let
X = {p, q} be a set of two expert committee members. An IFSEG is given in Table 5 below and pg, (Xi, Xj) =0
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and Sga(xi,xj) =1, for all (xi,x]-) €V x V\{(x1,%3), (X2,X3), (X3,%7)} and for all o € A. After serious
deliberation, the committee constructs the following IFSEG.

Table 5. IFSEG.
f X1 X2 X3
(eq,p,1) (0.6,0.7) (0,1) (0.2,0.3)
(e1,9,1) (0.2,0.6) (0.5,04) (0.2,0.5)
(e4,p,0) (0.1,04) (0.6,0.3) (0.3,0.9)
(e1,q,0) (0.1,0.1) (0.6,0.3) (0.5,0.8)
g (x1,%3) (x2,%3) (X1,X3)
(eq,p,1) (05,04) (0.1,0,6) (0.1,0.7)
(e1,9,1) (0.1,0.1) (0.2,0.2) (0.1,0.4)
(e, p,0) (0.1,0.2) (0.2,0.1) (0,0.2)
(e1,q,0) (0.2,0.2) (0.3,0.2) (0.4,0.2)

The company may follow the following algorithm to fill the position:
I. Input the IFSEG.
II. Find the mean of each IFSE edge according to the relationship among criteria for each alternative.
III. Find an agree-IFSEG and a disagree- IFSEG.

IV. Find G; = };; X; for agree- IFSEG.
V. Find Kj = ¥, x;; for disagree- IFSEG.

VIL Find r, for which s, = maxs;, where,s, is the optimal choice object. If r has more than one value, then the

company could choose any one of them using its option.
IFSE edges according to the relationship among criteria for each alternative.

Table 6. IFSEGs.
g (x1,X3) (x2,X3) (x1,X3)
(e;,p,1) (0.504) (0.1,0,6) (0.1,0.7)
(e;,9,1) (0.1,0.1) (0.2,0.2) (0.1,0.4)
(e, p,0) (0.1,0.2) (0.2,0.1) (0,0.2)
(e1,9,0) (0.2,0.2) (0.3,0.2) (0.4,0.2)

Table 7 presents the agree-IFSEG by using the mean of each IFSEG.

Table 7. Tabular presentation of the agree-IFSEG.
(x1,Xz)  (X2,X3)  (X1,X3)
(e1,p,1) 045 0,35 0,4
(er,q.1) 01 0,2 0,25

Table § presents the disagree-IFSEG, respectively, by using the mean of each IFSEG.

Table 8. Tabular presentation of the disagree-NSEG.
(x1,Xz)  (X2,X3)  (X4,X3)
(e1,p,0) 0,15 0,15 0,1
(e1,9,0) 0.2 0,25 0,3

Cj = Xix;; for agree-IFSEG.

Table 9. Sum of agree-IFSEG.
(x1,X2)  (X2,X3)  (X4,X3)
(ey,p,1) 045 0,35 0,4
(e1,q,1) 0,1 0,2 0,25
0,55 0,55 0,65

G =) xj
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K; = Zixi]. for disagree-IFSEG.

Table 10. Sum of disagree-IFSEG.

g (x1,X2) (X2,X3) (Xq,X3)
(e1,p,0) 0,15 0,15 0,1
(e1,9,0) 0,2 0,25 0,3
K = Z Xi 0,35 0,4 0,4

i

From Tables 9 and 70, we can compute the values of S; = Cj — Kj as in Table 11.

i-
X ¢ K S

x; 055 035 0,20
x, 055 04 015

x; 065 04 025

NN

Since max S; = 0,25, hence the committee will choose candidate x3 with a master's degree for the job.

5| Conclusion

In this paper, we have introduced the concept of IFSEG, union and the intersection of them has been
explained with an example which has broader application in the field of modern sciences and technology,
especially in research areas of computer science, including database theory, data mining, neural networks,
expert systems, cluster analysis, control theory, and image capturing.
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